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Despite considerable efforts over the last decade, the high-energy phase diagram of the random-
field Heisenberg chain still eludes our understanding, in particular the nature of the non-ergodic
many-body localized (MBL) regime expected at strong disorder. In this work, we revisit this
paradigmatic model by studying the statistics of rare atypical events of strongly correlated spin pairs
traversing the entire system. They occur for unexpectedly strong disorder, i.e., in a regime where
standard estimates fail to detect any instability. We then identify these very peculiar high-energy
eigenstates, which exhibit system-wide O(1) correlations, as nearly degenerate pairs of resonant cat
states of the form |Φ⟩± ∼ |𝛼1⟩ ± |𝛼2⟩, where |𝛼1⟩ and |𝛼2⟩ are spin basis states. We propose a simple
and generic analytical description of this new class of eigenstates that exhibit system-spanning en-
tanglement. This analytical ansatz guides us in our search for rare hidden cat states in exponentially
large many-body spectra. This also enables a systematic numerical inspection of the microscopic
anatomy of these unconventional pairs, which appear in a wide range of disorder strengths. In the
light of recent studies and ongoing debates on the MBL problem, our results offer new perspectives
and stimulating challenges to this very active field.

I. INTRODUCTION

Many-body localization (MBL) is a physical phe-
nomenon in which isolated many-body interacting sys-
tems can avoid thermalization in the presence of strong
disorder, resisting to the influence of interactions [1–4].
A large body of literature (see reviews [5–7]) investi-
gated the unique properties of the MBL phase: absence
of transport, memory of initial state and slow growth of
quantum information after a dynamical quench, low en-
tanglement (area law) in excited eigenstates, emergent in-
tegrability carried out by an extensive number of local in-
tegral of motion (ℓ-bits) [8, 9], etc. These properties have
been addressed with a wide variety of treatments, ranging
from phenomenological approaches [10], renormalization
group treatments [11–16], more rigorous mathematical
approaches [17–20] to extensive numerics [21–46]. Fur-
ther, MBL physics has been probed on many different
experimental platforms [47–56].

One of the most important questions is how the MBL
phase (or regime, see below) can be destabilized to form
the ergodic thermal phase present at low disorder, and
under what physical mechanisms this happens. In this
very stimulating context, some recent work has also
started to question the stability of the MBL phase itself in
the thermodynamic limit (with arguments mainly based
on finite chain numerics) [57–61]. This sparked some in-
teresting debates [62–65], but also (re)opened the possi-
bility of alternative scenarios with more than two phases:
e.g. with a non-ergodic intermediate regime between
the ergodic and the “conventional” MBL phases [66–70].
However, it should be noted that the intrinsic difficulty
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of the problem (out-of-equilibrium properties, exponen-
tial growth of the Hilbert space, strong disorder) makes it
challenging for numerical simulations, as only moderate
finite size samples can be treated exactly.

A. Instabilities

So far, two classes of events have been argued,
mostly on phenomenological grounds, to be responsi-
ble for the (thermodynamic) instability of the MBL
phase: avalanches and many-body resonances (MBR).
The avalanche scenario [71, 72] relies on the existence of
rare regions of space where disorder is anomalously low,
which act as nucleation seeds for thermalization of their
surroundings. Under the condition that the interactions
between this region and the rest of the localized particles
decay on a large-enough length scale, this thermal bubble
can grow and propagate as an avalanche and eventually
thermalize the full system, leading to a breakdown of
MBL. Since the timescales on which this process occurs
are very long and difficult to capture numerically, the
vast majority of work assumes that the avalanche has
started and models this bubble by a thermal bath (or
random matrix) that is weakly coupled to the rest of the
MBL system [73–79]. This approach can lead to bounds
(e.g. an estimate of the disorder strength above which
MBL is stable) but does not directly indicate whether
avalanches are the prevailing sources of thermalization.
We note that attempts at following the dynamical evolu-
tion in systems where low-disorder regions are intention-
ally planted lead to results possibly compatible with the
avalanche scenario, yet do not demonstrate its realization
in microscopic models [75, 78].
Many-body resonances, on the other hand, do not re-

quire rare regions, as they correspond to the hybridiza-
tion of two product-states – which are eigenstates at in-
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finite disorder — by an interaction term. At lower disor-
der, the resonances can involve a larger number of states,
leading to slightly more entangled states. A key many-
body aspect highlighted in all discussions of MBR in this
context [28, 42, 76, 80–83] is that the two product-states
involved differ (from one another) extensively with the
range of the resonance. In the most simple picture where
only two product states are involved, MBR possibly take
the form of cat states obtained by their two independent
linear combinations [83]. Several toy models of MBR
have been proposed and some of their properties stud-
ied numerically on lattice models [42, 76, 81–83], with
Ref. [83] highlighting that such toy resonance models can
explain a wide variety of numerical finite-size observa-
tions in the intermediate to strong disorder regime of
lattice models, some of which were earlier rather inter-
preted as evidence for MBL instability.

The characterization of MBR is thus key to detect signs
of thermalization in the controversial disorder regime.
Studying the occurrence of MBR in a many-body spec-
trum is however expected to be an exacting task as MBR
are embedded in a sea of an exponential number non-
resonating MBL-like eigenstates. This is particularly
true for long-range (LR) resonances which are much less
frequent than short-range ones. LR resonances also only
have visible effects in dynamics only on very long-time
scales, essentially not accessible to numerics or exper-
iments. These rare MBR are thus hard to probe, in
spite of the facts that rare events play a crucial role in a
regime where most observables display a clear MBL be-
havior [69, 70] and that MBR are expected to be prefer-
ential channels through which avalanches can thermalize
a MBL sample over larger distance [76].

This resulted in only a handful number of systematic,
quantitative, studies of MBR in microscopic models [42,
76, 80, 84]. Further, the suggestion [80, 83, 85] that MBR
take the form of cat states is a striking hypothesis that
has never been neither quantitatively nor directly proven.

B. Main results

In this work, we propose and apply a scheme to iden-
tify LR MBR in the prototypical microscopic model of
MBL for which we focus on rare eigenstates (at any en-
ergy) that host large connected spin-spin correlations at
the longest possible distance. In the MBL phase they
correspond to very unusual events, since most typical
eigenstates have vanishingly small values of connected
correlations due to the underlying product state struc-
ture. These long-range correlations should be a probe for
MBR at the largest scale, capturing the weakest ergodic
instability within highly localized states at very strong
disorder. Using extensive numerical simulations, we then
show that they are a signature of (long-range) many-
body resonances and provide a detailed microscopic pic-
ture of these unusual eigenstates. Our main results and
the setup we use are summarized below, together with an

outline of the paper, as well as in Fig. 1, where we pro-
vide an overview of the different situations encountered
upon varying the disorder strength.

Setup— We wish to to revisit the stability properties of
the random-field Heisenberg chain model

H =
∑︁
𝑖

S𝑖 · S𝑖+1 + ℎ𝑖𝑆
𝑧
𝑖 , (1)

where each field field ℎ𝑖 is randomly drawn from a box
distribution [−ℎ, ℎ] (with ℎ the disorder strength), in a
regime ℎ > ℎMBL ≃ 5 where standard localization esti-
mates (spectral statistics, average entanglement entropy,
average participation entropy etc) find an apparently
well-converged MBL behavior. In Ref. [43], we estimate
ℎMBL ≃ 5 from extrapolations to the infinite-size limit of
these standard measures, in agreement with Ref. [38].
Wishing to identify eigenstates which differ from the

expected MBL behavior, our first tool of analysis is to
consider eigenstates hosting strong spin-spin correlations
at the longest possible distance across the chain. We
define the connected pairwise correlation at distance 𝐿/2

𝐶𝛼𝛼
𝐿/2 (𝑖) = ⟨𝑆𝛼

𝑖 𝑆
𝛼
𝑖+𝐿/2⟩ − ⟨𝑆𝛼

𝑖 ⟩⟨𝑆𝛼
𝑖+𝐿/2⟩, (2)

with 𝛼 = 𝑥 or 𝑧 and where the expectation value is
taken in a given eigenstate. The position 𝑖 of the
first spin can be anywhere in the chain, and 𝑖 + 𝐿/2
should be understood with the use of periodic boundary
conditions. Note that |𝐶𝛼𝛼

𝐿/2 | ∈ [0, 1/4]. Crucially, since

eigenstates carrying very strong long-range correlations
become increasingly rare as the disorder grows, one
needs to compute all eigenstates to best capture rare
events. This is in contrast with typical results obtain
with the customary shift-invert method [27, 86] which
allows to obtain a limited number of eigenstates (usually
in the middle of the spectrum). Further, we require
for our analysis a large number of disorder realizations
(between 3000 samples for 𝐿 = 18, up to 2 ·104 for smaller
chains). These two facts imply that our calculations are
limited to chains of size 𝐿 ≤ 18, focusing on the largest
magnetization sector of H (𝑆𝑧 = 0, 1/2 for even/odd 𝐿).

Statistics of (rare) strong correlations— This is the
main focus of Sec. II. By strong correlations we mean
values of |𝐶𝛼𝛼

𝐿/2 | that are larger than a certain threshold

𝐶★ = 0.1 or 𝐶★ = 0.2, thus drastically filtering the few
eigenstates that satisfy such criteria, in stark contrast
to the typical MBL behavior that exhibits exponentially
vanishing correlation functions.

Building on our recent work [43, 70], where we identi-
fied that long-range correlations can be the signature of
ergodic instabilities in the regime ℎ > ℎMBL, we further
study the statistics and the occurrence of such atypical
(strongly correlated) eigenstates over the whole many-
body spectra, both in the transverse 𝑥𝑥 and longitudinal
𝑧𝑧 directions, and find that the longitudinal events oc-
cur in a much larger region of the phase diagram that
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FIG. 1. Overview of the different regimes of the random-field Heisenberg chain model Eq. (1), as seen from the statistics of
the midchain longitudinal correlation functions 𝐶𝑧𝑧

𝐿/2. The colored arrow (top) shows the main physical regimes as a function

of the disorder strength ℎ, and below, the energy density 𝜖 dependence of these correlations is plotted in the various insets,
where 𝐶𝑧𝑧

𝐿/2 (𝜖) is shown for all the NH = 12870 eigenstates a (𝐿 = 16 chains), for 4 representative strengths of disorder, each

illustrated by two samples. Panels (a) show the ergodic behavior at ℎ = 2, below ℎMBL ∼ 5 where there are no rare events,
and the 2 examples shown are typical, i.e. without anomalously large correlations. In the rare event regime, panels (b) for
ℎ = 8 and (c) for ℎ = 16 show the emergence of rare eigenstates across the spectrum: two pairs of cat states with anomalously
large correlations are highlighted in yellow, and enlarged in the top two sub-panels where we visualize the tiny energy gaps
Δ𝜖 as small as ∼ 2 · 10−6 (b) and ∼ 4 · 10−8 (c). It is also worth noting the values of the associated correlations within each
pairs: (b) 𝐶𝑧𝑧

𝐿/2 ≈ (0.1043, −0.1057), and (c) 𝐶𝑧𝑧
𝐿/2 ≈ (0.23678, 0.23686). Panels (d) for ℎ = 24 show two typical behaviors

around ℎmax ∼ 20 − 25 where no rare events are detected, and all eigenstates host exponentially suppressed correlations (note
the very small scale on the y-axis). Between the ergodic regime (expected for ℎ ≤ ℎMBL, where ℎMBL ∼ 5 comes from
extrapolated standard estimates [38, 43]) and ℎmax ∼ 20 − 25 (above which all eigenstates exhibit short-range correlations),
there is a rather broad rare-event regime that evolves continuously from fat-tail to exponential-tail behavior for the distributions
𝑃(ln |4𝐶𝑧𝑧

𝐿/2 |) [70].

a For the sake of clarity, we show only the maximal (out of 𝐿/2) midchain correlations for each eigenstate instead of showing all possible
𝐿/2 midchain correlations.

previously reported or expected. We examine how the
disorder-averaged number of eigenstates 𝑁𝛼

★ with large
correlations |𝐶𝛼𝛼

𝐿/2 | > 𝐶★ scales with the Hilbert space

size NH. For the dominant 𝑧𝑧 component we identify
a crossing of the curves 𝑁 𝑧

★(𝐿) at very strong disorder
ℎmax ∼ 20 − 25, above which 𝑁 𝑧

★(𝐿) → 0 with increas-
ing 𝐿. This provides an upper bound for the critical
disorder, ℎmax, above which all eigenstates are expected
to exhibit exponential short-range correlations, a regime
that is asymptotically free of rare events.

This result is well confirmed by an extreme value
study, which selects in each disorder realization a unique
eigenstate, the one with the largest (in magnitude)

midchain correlation Max
���𝐶𝑧𝑧

𝐿/2

���. Such an analysis shows

remarkably a clear qualitative change that appears in
the same region ℎmax ∼ 20−25, above which the extreme

correlations eventually vanish with 𝐿, while below this
disorder threshold they tend to their maximum mag-
nitude 𝐶max = 1/4, in contrast to previous results [42]
(see also Appendix A 3 for comparison, in particular for
a discussion on the boundary conditions). Additional
results for quantum mutual information and transverse
correlations are also presented and discussed, providing
more insight into the nature of the rare eigenstates that
carry the strong system-wide correlations, a central issue
of this work which we then discuss in Sec. III.

Nearly degenerate pairs of cat states— The very
atypical class of eigenstates that carry long-range cor-
relations, present in a wide range of disorder strengths
(see Fig. 1), is studied in great detail in Sec. III. In fact,
we are able to show unambiguously that they appear
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as nearly degenerate pairs in the many-body spectrum,
taking the form of cat states, to which we devote all the
rest of the study. In Sec. III A we first illustrate the phe-
nomenon with a few selected examples that show very
unusual features, and this leads us to build a simple but
quantitatively predictive toy model description for such
pairs of long-range correlated eigenstates. The catness
properties are then explored in detail in Sec. III B, where
we discuss and examine the most important physical
properties of this class of eigenstates, which are very
different from the more ”standard” MBL eigenstates,
i.e. those directly connected to a simple product state.

A deeper investigation of the anatomy of the cat
states is made in Sec. IV where we first address the
spectroscopic properties in Sec. IVA, showing for
example that typical cat gaps are smaller than the
natural many-body level spacing. We then provide
a detailed microscopic portrait of these cat states in
Sec. IVB where we quantify and visualize the statistics
of spin flips within all cat pairs by considering simple ob-
jects, namely the magnetization profiles of the cat states.

Discussions— An overview of the various regimes,
as seen from the statistics of the midchain longitudinal
correlation functions, is provided in Fig. 1 with several
examples of samples showing some typical behaviors of
𝐶𝑧𝑧
𝐿/2 against the energy density 𝜖 [87]. Before the final

conclusions, Sec. V discusses the possible implications
of the existence of such a rather extended rare event
region hosting cat states on the phase diagram of the
model, and more generally on the various debates and
recent proposals aimed at refining our understanding of
the MBL problem.

II. STATISTICS OF STRONG SYSTEMWIDE
CORRELATIONS

A. Rare events and fat-tailed distributions of
strong correlations

Here we first elaborate and show that, even at rela-
tively strong disorder, any random sample may harbor
some special eigenstates that show strong spin-spin cor-
relations at long distances. By strong here we mean
|𝐶𝛼𝛼

𝐿/2 | ∼ O(1) (𝛼 = 𝑥, 𝑧), corresponding to anomalous

events in a regime where otherwise the typical behavior
is instead exponentially suppressed with the system size
𝐿. These strong correlation events occur with a certain
probability that we define as the following weight inte-
grated over the full distribution of mid-chain correlators
(in absolute value) 𝑃( |𝐶𝛼𝛼

𝐿/2 |)

𝑊 𝛼
★ (𝐿, ℎ) =

∫ 1/4

𝐶★

𝑃( |𝐶𝛼𝛼
𝐿/2 |)d𝐶𝛼𝛼

𝐿/2, (3)

which depends on disorder strength ℎ, system size 𝐿, and
the threshold value 𝐶★.

In Ref. [70], we initiated a careful exploration of rare
events of strong longitudinal correlations. In particular,
we identified two markedly different trends for 𝑃(𝐶𝑧𝑧

𝐿/2)
at strong disorder, i.e. in a regime where standard esti-
mates based on eigenstates display localization, e.g. spec-
tral statistics, entanglement and participation entropies
show well-converged MBL behaviors, that is typically ob-
served beyond ℎMBL ∼ 5 [38, 42, 43]. However, even for
ℎ > ℎMBL the distributions of long-distance correlations
𝑃(𝐶𝑧𝑧

𝐿/2) are not yet converged, and exhibit fat tails [70]

on the large value side, i.e. for 𝐶𝑧𝑧
𝐿/2 → ±1/4. This

regime is dominated by rare events of large O(1) 𝑧𝑧 cor-
relations, and their associated probability was found to
decay slowly, presumably algebraically with system size

𝑊 𝑧
★(𝐿) ∼ 𝐿−𝜂 , (4)

for 5 ≲ ℎ ≲ 8, with 𝜂 ∈ [2, 4]. Then as ℎ is further in-
creased, these fat tails get slowly suppressed, and were
eventually found to disappear at larger disorder, typically
above ℎ ∼ 8 − 10, where instead a faster exponential de-
cay controlled by a finite disorder-dependent length scale
Λ𝑧 (ℎ) was reported

𝑊 𝑧
★(𝐿, ℎ) ∼ e−𝐿/Λ𝑧 (ℎ) . (5)

B. Scaling with Hilbert space size

It is instructive to focus on the whole spectrum for each
sample, asking what is the average number of “atypical
eigenstates” 𝑁𝛼

★ that exhibit anomalously strong value of
𝐶𝛼𝛼
𝐿/2. It is defined by

𝑁𝛼
★ = NH ×𝑊 𝛼

★ , (6)

where NH is the Hilbert space size, which grows exponen-
tially with 𝐿 (2𝐿 with subdominant 1/√𝐿 corrections) as

NH ∼ e𝐿/ΛH (1/ΛH = ln 2), (7)

ΛH being the length scale associated to the many-body
spectrum. Comparing the exponential suppression of the
weight in Eq. (5) with the exponential growth of NH in
Eq. (7), we can anticipate the possible existence of (at
least) two main regimes characterizing different scalings
with NH of the number of eigenstates 𝑁 𝑧

★ that exhibit
large 𝑧𝑧 correlations.
(i) If Λ𝑧 (ℎ) > ΛH, 𝑁

𝑧
★(𝐿) will grow exponentially with

𝐿, but only as a vanishing fraction of the total Hilbert

space size: 𝑁 𝑧
★ ∼ N𝑑★

H , with an ”effective dimension” 𝑑★ =
1 − ΛH/Λ𝑧.
(ii) If on the other hand Λ𝑧 (ℎ) < ΛH, the above effec-

tive dimension will change sign 𝑑★ < 0, corresponding to
𝑁 𝑧
★ → 0 at large 𝐿, i.e. an absence of rare events.
(iii) In addition to these two distinct behaviors, there

is a third possibility, for the particular case of the fat-tail
power-law regime Eq. (4). This would morally corre-
spond to having a length scale Λ𝑧 that effectively grows
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FIG. 2. Average number of eigenstates (per sample) 𝑁 𝑧
★ hav-

ing strong systemwide 𝑧𝑧 correlations, i.e. mid-chain corre-
lations such that |𝐶𝑧𝑧

𝐿/2 | ≥ 𝐶★, with (a) 𝐶★ = 0.1 and (b)

𝐶★ = 0.2. Plotted against disorder strength ℎ, the different
curves 𝑁 𝑧

★(𝐿, ℎ) for chain lengths 𝐿 ∈ [8, 18], exhibit a clear
crossing for ℎ ∼ 20. Inset shows how the length scale Λ𝑧 for
𝐶★ = 0.1 (rescaled by the spectral length ΛH = 1

ln 2 ) decays
with ℎ for various fitting windows indicated on the plot. The
line Λ𝑧/ΛH = 1 is crossed for ℎ ∼ 20. Finite size effects be-
come significant below ℎ ∼ 10.

with 𝐿, and thus a number of long-range correlated eigen-
states 𝑁 𝑧

★(𝐿) that is expected to scale very fast, almost
as fast as the Hilbert space dimension. However, as we
will see below, the distinction between cases (i) and (iii)
is not easy to capture accurately in our numerical data.

C. Statistics of rare events: numerical results

1. Longitudinal correlations 𝐶𝑧𝑧
𝐿/2

We first show in the main panels of Fig. 2 the be-
havior of 𝑁 𝑧

★ (associated to longitudinal correlators) for
𝐶★ = 0.1, 0.2 as a function of disorder strength ℎ and
for increasing system sizes (𝐿 = 8, 10, · · · , 17, 18). Two
different scalings can be clearly identified. Below ℎ ∼ 20,
𝑁 𝑧
★ grows with system size, while for larger disorder, it

scales to zero. This indicates that for sufficiently large
disorder, events with strong system-wide correlations do
not occur in the thermodynamic limit. Clearly, at such
large values of disorder ℎ ≳ 20, the extreme rarity of
these events makes their detection very challenging, and
a huge sampling effort is required to obtain decent statis-
tics, which is signaled by a stronger noise to signal ratio
in this regime (note the log-log scales of the main panels).
This effect is amplified for larger values of the threshold
𝐶★ (see right panel for 𝐶★ = 0.2), but nevertheless the
same behavior is found, with a threshold that also takes
place in the region ℎ ∼ 20.
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FIG. 3. Same as Fig. 2 for the transverse component 𝑁∗
𝑥 with

(a) 𝐶★ = 0.1 and (b) 𝐶★ = 0.2. The inset shows length scale
Λ𝑥 for 𝐶★ = 0.1, rescaled by the spectral length ΛH = 1

ln 2 .
The line Λ𝑧/ΛH = 1 is crossed for ℎ ∼ 10, but with significant
finite-size effects.

The disorder-dependence of the associated length scale
Λ𝑧 (ℎ) (rescaled by the spectral length ΛH) is shown in
the inset of Fig. 2 (for 𝐶★ = 0.1). As previously an-
ticipated, at strong disorder, typically beyond ℎ ∼ 20,
we observe a well converged behavior with Λ𝑧/ΛH < 1
which means that 𝑁 𝑧

★ → 0 with 𝐿, corresponding to an
asymptotic absence of rare events. On the other side, the
regime (i) where Λ𝑧 > ΛH is perfectly observed, but one
also notice strong finite-size effects in the regime ℎ ≲ 10,
which is consistent with previous results on the fat-tail
regime (see Ref. [70] and also a more detailed discussion
in Appendix A).

2. Transverse correlations 𝐶𝑥𝑥
𝐿/2

In contrast to the 𝑧𝑧 component, the number of large
transverse correlation events is much smaller, see Fig. 3.
Since it is numerically more demanding to compute these
off-diagonal objects, we have limited these calculations to
𝐿 ≤ 16, but this is clearly sufficient to see the strong dif-
ferences between 𝑁 𝑧

★ and 𝑁 𝑥
★, the latter hardly reaching

unity (i.e., less than 1 eigenstate with large 𝐶𝑥𝑥 on aver-
age) even for the lowest disorder, larger sizes and smaller
threshold. For the larger threshold 𝐶★ = 0.2 there are
almost no events (more precisely, on average less than 1
event out of 100 disorder samples), resulting in very poor
statistics.

As for the longitudinal correlators, a crossing of the
curves 𝑁 𝑥

★ (𝐿) can also be identified, but with a strong
finite-size drift. An exact value for the crossing point is
hard to determine, but it seems clear that it occurs for
significantly lower disorder strengths (compared to 𝑁 𝑧

★),
typically around ℎ ∼ 8 − 10 for 𝐶★ = 0.1 (but practically
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impossible to detect for 𝐶★ = 0.2 due to too low statis-
tics).

These results indicate that events of very large 𝑥𝑥 cor-
relators are much rarer than those of large 𝐶𝑧𝑧

𝐿/2, and seem

to exist in the thermodynamic limit only in a very limited
range of disorder. Similar conclusions will be reached for
the extreme eigenstate statistics, which we examine in
the next subsection.

D. Extreme correlations across the spectrum

1. Setup

To address the “most delocalized” events traversing the
chain, we systematically collect the largest system-wide
correlations, i.e. at distance 𝐿/2, in every sample, hosted
by asingle eigenstate in the whole set of NH eigenstates.
We discuss the two correlators 𝐶𝑥𝑥

𝐿/2 and 𝐶𝑥𝑥
𝐿/2, as well as

the pairwise quantum mutual information (QMI). This
extreme value calculation requires a rather large aver-
aging over the disorder: we use between 2 · 104 for the
smallest systems, 6 · 103 for 𝐿 = 16, and 3 · 103 sam-
ples for 𝐿 = 18. In the disorder averaging process, we
compute and present below the typical values, which, as
often, display less fluctuations.

2. Diagonal correlations

We first discuss the dominant systemwide response,
that is the 𝑧𝑧 correlation function at mid-chain 𝐶𝑧𝑧

𝐿/2,
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FIG. 4. Maximal value of the long-distance longitudinal cor-
relation 𝐶𝑧𝑧

𝐿/2 per sample. The maximum is computed for each

random sample over all the NH eigenstates (and the 𝐿/2 pos-
sible pairs), and then averaged over a large number of samples
(typically ∼ 2 · 104 for 𝐿 ≤ 14, ∼ 104 for 𝐿 = 16, and 3 · 103

for 𝐿 = 18). The inset shows the typical average computed
over all the eigenstates for comparison: note the very different
scale on the y-axis.

shown in Fig. 4. A few comments are in order:
(i) For large disorder strengths, above ℎ ∼ 20, even the

most strongly correlated eigenstate in each sample — the
one with the strongest 𝑧𝑧 correlation across the system —
is found to have a vanishing correlator 𝐶𝑧𝑧

𝐿/2 (among the

𝐿/2×NH possible values) as 𝐿 increases. Therefore, this
threshold ℎmax ∼ 20 − 25 can be interpreted as an upper
bound for the MBL transition, in remarkable agreement
with the analysis of 𝑁 𝑧

★ → 0 in Fig. 2, which also reaches
similar conclusions for ℎmax.
(ii) Below ℎmax, the largest 𝑧𝑧 correlations increase

with 𝐿 and are expected to saturate, presumably at the
maximum possible value 𝐶max = 1/4.
(iii) For weak disorder, although our study is not fo-

cused on the ergodic side, our data show a tendency for
𝐶𝑧𝑧
max to decay slowly below ℎ ∼ 4, but with unclear finite

size effects [88].
It should be noted that this extreme value analysis

does not give much information about the fat tail regime,
which is roughly expected in the range ℎ ∼ (5 − 10),
because these extreme eigenstates certainly have similar
properties throughout the rare event region.

3. Transverse correlations and quantum mutual
information

One can repeat the same extreme value analysis for
the transverse correlation functions 𝐶𝑥𝑥

𝐿/2. The results

are shown in Fig. 5 (left) where again a crossing is ob-
served, but for a significantly smaller value of the disorder
strength, about ℎ ∼ 8, a result compatible with the 𝑁 𝑥

★
analysis shown in Fig. 3.
Fig. 5 (right) shows the related and complementary

two-body object: the 2-site QMI (see Appendix A2),
defined by

QMI𝑖 𝑗 = 𝑆 (1)
𝑖 + 𝑆 (1)

𝑗 − 𝑆 (2)
𝑖 𝑗 , (8)

where 𝑆 (1)
𝑖 is the single site (𝑖) entanglement entropy
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FIG. 5. Same as Fig. 4 for 𝐶𝑥𝑥
𝐿/2 (left) and QMI𝐿/2 (right).

The insets show zooms on the crossing regions.
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(EE) and 𝑆 (2)
𝑖 𝑗 the EE of the two sites (𝑖, 𝑗) subsystem.

QMI𝑖 𝑗 takes values in the range [0, 2 ln 2], and the con-
nection of with pairwise correlators is detailed in Ap-
pendix A 2 along with its computation for simple cases.

QMI has been argued [42, 89] to be a relevant witness
to MBL physics. Here, focusing on its extreme statis-
tics, we show in the right panel of Fig. 5 its maximal
value computed for each sample over all the eigenstates
and all the 𝐿/2 possible maximal distances |𝑖 − 𝑗 | = 𝐿/2
for PBC. Interestingly, the different curves Max(QMI𝐿/2)
cross roughly at the same value as the one observed for
𝐶𝑧𝑧
𝐿/2, i.e. for ℎmax ∼ 20 − 25, although with a slightly

more pronounced finite-size drift of the crossing points.
The quantum structure of the system-wide resonances

thus appear to be dominated by strong 𝑧𝑧 correlations in
most of the regime, yielding for example a QMI that satu-
rates towards a maximum value of ln 2, while in principle
one could also expect to observe a QMImax = ln 4. This
fact is discussed further below in section IIIA, where we
propose a toy model description for these extreme events,
and for which we are able to compute some observables,
such as the QMI, as presented in Sec. IIIA 3.

4. Remarks on the choice of boundary conditions

It is interesting to comment on the related analysis
by Morningstar et al. [42], where they also study the ex-
treme values (among all eigenstates) of the two-site QMI.
In contrast to our analysis, they focus on the bound-
ary spins of open chains and find a crossing for signifi-
cantly smaller disorder, typically for ℎ ∼ 8, a value we
also confirm with this OBC setup (see Appendix A 3).
It is important to observe that for strong disorder, the
two (left and right) boundary spins of a chain with OBCs
are atypical sites because they effectively experience ran-
dom fields that appear stronger, when compared to the
other terms in the Hamiltonian (kinetic and interaction
terms) that are effectively reduced by a factor of two due
to the locally smaller connectivity. Therefore, these edge
spins will appear “more localized” than the bulk, and this
can be readily observed numerically, as detailed in Ap-
pendix A 3 by considering edge magnetization or end-end
correlators. This boundary effect affects the finite-size
results sufficiently to lead to an underestimation of the
system-wide resonance landmark proposed in Ref. [42],
due to this choice of open chains. The new estimate ob-
tained with periodic chains (see Appendix A 3) is pushed
to a larger value, that appears close to another land-
mark, namely the avalanche threshold estimate, provided
in Ref. [42].

III. CAT STATES CARRYING LONG-RANGE
CORRELATIONS

Given the accumulated evidence for eigenstates with
unexpectedly strong correlations presented in Sec. II,

it is natural to ask what is the nature of these eigen-
states, whether they have some specific structure or ex-
hibit unusual properties ,beyond their mere statistical
occurrence. This section aims at providing elements of
answers to these questions.
We have hinted in Sec. I and Fig. 1 at the fact that in

the strong disorder regime, large correlations at long dis-
tances seem to appear in pairs, suggestive of cat states,
throughout the many-body spectrum. This will first
be illustrated in Sec. III A by two concrete examples,
which will then allow us to build a toy model of the cat
states that will be helpful to characterize their micro-
scopic properties. The demonstration of the existence of
cat states in a large extended region of the phase diagram
will be done in Sec. III B by confronting the toy cat states
with the true many-body eigenstates with large corre-
lations. We will further inspect the anatomy (spectral
properties, microscopic structure such as magnetization
profile) of this family of long-range correlated cat states
in Sec. IV.

A. Toy description of long-range correlated
eigenstates

1. Examples of atypical long-range-correlated eigenstate(s)

Here, we present two examples of samples that exhibit
very remarkable features, and explore in detail the eigen-
states that emerge from our numerical observation of
strongly correlated pairs of sites at distance 𝐿/2. These
features will in turn help to refine our search for cat
states.
Sample 1 (𝐿 = 12, ℎ = 20)— Fig. 6 gives a closer look

at the first example of a short (𝐿 = 12) but strongly dis-
ordered (ℎ = 20) chain. It has about 14 eigenstates (out
of 924) that show large correlations, i.e. above a certain
threshold, fixed for this specific illustrative example to be
𝐶★ = 0.15 (magenta) and 𝐶★ = 0.01 (cyan), see Fig. 6 (b)
for the 𝜖-dependence of 𝐶𝑧𝑧

𝐿/2. For this particular sample,

the strong midchain correlations appear between sites 1
and 7 for all these eigenstates. Remarkably, they come
by pairs, embedded in the eigenspectrum, with supris-
ingly small energy splittings, as clearly shown in Fig. 6
(a).
The magnetization profiles ⟨𝑆𝑧𝑖 ⟩, shown in panels (c)

for the two pairs of eigenstates with the largest 𝐶𝑧𝑧
𝐿/2,

display unique features. In each pair, the profiles are
very similar for the two partners, with some spins al-
most frozen to their maximal magnetization |⟨𝑆𝑧𝑖 ⟩| ≃ 1/2,
while the others appear as resonating as they have much
smaller expectation values (closer to |𝑆𝑧𝑖 | ≃ 0) that are
opposite within the pair, like for instance the strongly
correlated spins (𝑖, 𝑖 + 𝐿/2) = (1, 7) which belong to such
resonating sites. This suggests a cartoon representation
for each pairs of eigenstates as cat states which matches
the strongly correlated sites as well as the ⟨𝑆𝑧𝑖 ⟩ data, as
illustrated above the magnetization profiles in Fig. 6 (c).
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FIG. 6. Sample 1 – Illustrative example of a single realization (𝐿 = 12, ℎ = 20) exhibiting 7 pairs of nearly degenerate resonant
”cat states”. (a) Full spectrum with the 7 pairs highlighted. The corresponding gaps are smaller or comparable to the typical
level spacing ≈ 4.57 · 10−4 for ℎ = 20, 𝐿 = 12. (b) Longitudinal correlations 𝐶𝑧𝑧

𝐿/2 in the middle of the spectrum 𝜖 ∈ [0, 1]. Two

thresholds are used: 𝐶★ = 0.15 (magenta) and 𝐶★ = 0.01 (cyan). (c) Magnetization profiles for the two highlighted pairs, and
sketch of the associated cat states. In both cases, sites (1) and (7) are the ones involved in the strong long-range correlations.

Sample 2 (𝐿 = 20, ℎ = 9)— The second example for
a larger 𝐿 = 20 chain is shown in Fig. 7 for two eigen-
states having strong midchain correlations between the
sites (𝑖, 𝑖 + 𝐿/2) = (4, 14). Their magnetization profiles
are found to be almost identical, but unlike the first ex-
ample, here the weaker disorder ℎ = 9 causes the spins
between the strongly correlated sites to be slightly less
polarized. However, again the states appear to be nearly
degenerate over the exponentially large many-body spec-
trum, with a tiny normalized gap Δ𝜖 ≈ 3.6×10−6, slightly
smaller (but typically of the same order) than the natural
mid-spectrum spacing for 𝐿 = 20: 1/NH ∼ 5.4 · 10−6.
Based on these examples, and the possibility to think

of these strongly correlated eigenstates as cat states, in
the next subsection we present candidate toy cat states
for which we can compute specific properties that will
then be compared to real many-body calculations.

2. Toy cat states for pairs of eigenstates with strong
correlations

We propose to describe cat states hosting strong corre-
lations using simple ansatz wave functions with a single
parameter 𝜃. We start with the simplest case of two-site
Bell-type states (i), which we then generalize to 𝐿-site

cat states (ii).
(i) Two-site Bell’s states— Following the standard nota-
tions of Bell’s pairs, we introduce two families of (normal-
ized) states |Ψ⟩ and |Φ⟩, defined for two resonant sites
(𝑖 𝑗) by

|Ψ+
𝑖 𝑗⟩ = cos

(
𝜃
2

) |↑𝑖↓ 𝑗⟩ + sin
(
𝜃
2

) |↓𝑖↑ 𝑗⟩
|Ψ−

𝑖 𝑗⟩ = sin
(
𝜃
2

) |↑𝑖↓ 𝑗⟩ − cos
(
𝜃
2

) |↓𝑖↑ 𝑗⟩, (9)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

-0.5

0

0.5

⟨Sz i⟩ i

|ϕ1⟩ : Czz
4−14 = 0.22843…

|ϕ2⟩ : Czz
4−14 = 0.23176…

Δϵ ≈ 3.6 ⋅ 10−6ϵ = 0.500

FIG. 7. Sample 2 – Illustrative example of a single realization
for a PBC chain of length 𝐿 = 20 for (not too) strong disorder
ℎ = 9 showing a pair of nearly degenerate (Δ𝜖 ≈ 3.6 × 10−6)
mid-spectrum (𝜖 = 0.5) eigenstates |𝜙1⟩ and |𝜙2⟩. Strongly
correlated sites (4 − 14) are detected at the largest distance
(𝑟 = 10), with 𝐶𝑧𝑧

𝐿/2 ≈ 0.228 for |𝜙1⟩ and 𝐶𝑧𝑧
𝐿/2 ≈ 0.232 for

|𝜙2⟩ (see also Appendix B 1). The two magnetization profiles
⟨𝜙1 |𝑆𝑧𝑖 |𝜙1⟩ and ⟨𝜙2 |𝑆𝑧𝑖 |𝜙2⟩ are remarkably almost identical.
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which describe 𝑆𝑧tot = 0 states, and

|Φ+
𝑖 𝑗⟩ = cos

(
𝜃
2

) |↑𝑖↑ 𝑗⟩ + sin
(
𝜃
2

) |↓𝑖↓ 𝑗⟩
|Φ−

𝑖 𝑗⟩ = sin
(
𝜃
2

) |↑𝑖↑ 𝑗⟩ − cos
(
𝜃
2

) |↓𝑖↓ 𝑗⟩, (10)

if the total magnetization is not conserved. Within each
of these 2 families, eigenstate pairs (±) are orthogonal to
each other ⟨Φ− |Φ+⟩ = ⟨Ψ− |Ψ+⟩ = 0. The angle 𝜃 ∈ [0, 𝜋]
allows a continuous description, going from simple
product states when 𝜃 is close to 𝜋 or 0, to maximally
entangled cat states, when 𝜃 ≈ 𝜋/2. Below we aim
at discussing several physical quantities for the whole
range 0 ≤ 𝜃 ≤ 𝜋, keeping in mind that we will be mostly
interested in the true cat regime, i.e. for 𝜃 ≈ 𝜋/2.

One- and two-site observables can be easily computed
within such simple ansatz wave functions, as given in
Tab. I. As expected, good cat states (𝜃 ≈ 𝜋/2) give small
local spin polarizations ∼ cos 𝜃 and large two-site 𝑧𝑧 cor-
relations ∝ sin2 𝜃 for both families, while Ψ and Φ give
very different results for the transverse correlations.

|Φ±
𝑖 𝑗 ⟩ |Ψ±

𝑖 𝑗 ⟩
2⟨𝑆𝑧𝑖 ⟩ ± cos 𝜃 ± cos 𝜃
2⟨𝑆𝑧𝑗 ⟩ ± cos 𝜃 ∓ cos 𝜃

4𝐶𝑧𝑧
𝑖 𝑗 sin2 𝜃 − sin2 𝜃

4𝐶𝑥𝑥
𝑖 𝑗 0 ± sin 𝜃

TABLE I. Expectation values of local magnetizations and
two-point correlations for cat states of the Bell-type |Ψ±

𝑖 𝑗 ⟩
Eq. (9) for 𝑆𝑧tot = 0, and |Φ±⟩ Eq. (10) for 𝑆𝑧tot ≠ 0.

Our numerical results (Sec. II C and Sec. IID) clearly
show that the dominant correlations occur along the
longitudinal channel (𝑧𝑧), while in most of the rare-event
regime, the transverse (𝑥𝑥) correlations are very small.
This strongly suggests that the Ψ form may not be the
dominant type of cat states. Moreover, it is crucial to
notice that for models conserving the total magnetiza-
tion, such as the random-field Heisenberg Hamiltonian,
states of type Φ are not sufficient to describe a pair of
resonating sites (𝑖 𝑗), and one needs to allow for more
fluctuating spins in the ansatz, as we discuss now.

(ii) More general cat states— Considering now a
larger system with an even number of 𝐿 spins (gen-
eralization to odd 𝐿 is straightforward), a minimal
ansatz wave function of the form Φ of Eq. (10), that
conserves the total magnetization, and describe two-site
resonances necessarily requires (at least) 2 additional
fluctuating sites, leading to the minimal 4-site resonant
states of the form

|Φ+
4⟩ =

(
cos

(
𝜃
2

) |↑𝑖↑ 𝑗↓𝑘↓ℓ⟩ + sin
(
𝜃
2

) |↓𝑖↓ 𝑗↑𝑘↑ℓ⟩
)
⊗ |𝜑𝐿−4⟩

|Φ−
4 ⟩ =

(
sin

(
𝜃
2

) |↑𝑖↑ 𝑗↓𝑘↓ℓ⟩ − cos
(
𝜃
2

) |↓𝑖↓ 𝑗↑𝑘↑ℓ⟩
)
⊗ |𝜑𝐿−4⟩,

(11)
where 𝑖, 𝑗 , 𝑘, ℓ are 4 fluctuating sites, and |𝜑𝐿−4⟩ is a
(zero total magnetization) spin-basis state of the other

11

|→ · · · ↑ ↑𝐿↑𝑀 · · · →𝑁 ↑ →𝑂 · · · →𝑃↑ 𝑄 → · · · →↓ ± |→ · · · ↑ →𝐿→𝑀 · · · ↑𝑁 ↑ ↑𝑂 · · · ↑𝑃→ 𝑄 → · · · →↓ (12)

|↑ · · · ↑ ↑𝐿 · · · · · · → 𝑄 → · · · →↓ ± |↑ · · · ↑ →𝐿 · · · · · · ↑ 𝑄 → · · · →↓ (13)

|→ · · · ↑ ↑𝐿 · · · →𝑁 ↑ →𝑂 · · · ↑ 𝑄 → · · · →↓ ± |→ · · · ↑ →𝐿 · · · ↑𝑁 ↑ ↑𝑂 · · · → 𝑄 → · · · →↓

(14)

(ii) One- and two-body correlations— It is straight-
forward to compute standard one-body and two-body ob-
servables, such as the local magnetizations

𝐿𝑅
𝐿 = ↔𝑀𝑅

𝐿 ↓, (15)

and the two-point correlation functions (𝑁 = 𝑂, 𝑃)

𝑄𝑆𝑆
𝐿 𝑄 = ↔𝑀𝑆

𝐿 𝑀𝑆
𝑄 ↓ ↗ ↔𝑀𝑆

𝐿 ↓↔𝑀𝑆
𝑄 ↓, (16)

as reported in Tab. I for ω and ε as a function of the
angle 𝑅. Interestingly one sees that the main di!erence
between states |ω↓ and |ε↓ concerns the transverse
correlations 𝑄𝑇𝑇

𝐿 𝑄 which is always zero for |ω↓.

|ω+↓ |ω↗↓ |ε+↓ |ε↗↓
𝐿𝑅

𝐿 cos 𝑅 ↗ cos 𝑅 cos 𝑅 ↗ cos 𝑅

𝐿𝑅
𝑄 cos 𝑅 ↗ cos 𝑅 ↗ cos 𝑅 cos 𝑅

𝑄𝑅𝑅
𝐿 𝑄 sin2 𝑅 ↗ sin2 𝑅

𝑄𝑇𝑇
𝐿 𝑄 0 sin 𝑅 ↗ sin 𝑅

TABLE I. Expectation values of one and two body correla-
tions evaluated for cat states of the form |ω+↓ Eq. (??) and
|ω↗↓ Eq. (??) for 𝑆𝑅

pair
ϑ 0, as well as for |ε+↓ Eq. (??) and

|ε↗↓ Eq. (??) for 𝑆𝑅
pair

= 0.

(iii) Quantum mutual information— The two-site
quantum mutual information (see Appendix C) also al-
lows to discriminate between the two di!erent types of
Bell pairs. Indeed, QMI𝑈 , given by the following expres-
sions for Bell states,

QMI𝑈 =



ln

(
2

sin 𝑈

) ↗ (cos 𝑅) ln

(√
1+cos 𝑈
1+cos 𝑈

)
for ω±

ln
(

4
sin2 𝑈

)
↗ (cos 𝑅) ln

(
1+cos 𝑈
1+cos 𝑈

)
for ε±

(17)

is upper bounded by QMI𝑉/2 = ln 2 for |ω↓ and by
QMI𝑉/2 = ln 4 for |ε↓.

(iv) The ϖ test— Another very interesting and im-
portant quantity that will used below to quantify the
”catstateness” of an eigenstate pair is the o!-diagonal
matrix element

ϖ𝑀𝑃
𝐿 = ↔𝐿 |𝑀𝑅

𝐿 |𝑇↓. (18)

which we define as the ”ϖ test” for a pair of eigenstates
|𝐿↓ and |𝑇↓. For standard MBL eigenstates that are
adiabatically connected (via quasi-local unitaries [7]) to
simple product states, such o!-diagonal elements are
vanishingly small, while for resonant Bell pairs of the
above form, we expect O(1) values, as reported in Tab. II.
Remarkably, for perfect cats (𝑅 = 𝑈/2), we expect ϖ± = 1.

(v) The Kulback-Leibler divergence— If two eigen-
states form a strongly entangled cat pair (𝑅 ↘ 𝑈/2), while
othogonal by definition, their relative Kulback-Leibler
(KL) divergence, which quantifies how close two quan-
tum states are from each other [16], can be very small.

For general Bell pairs |ω↓ and |ε↓ parametrized by the
angle 𝑅, it is straightforward to compute their relative
KL divergences, given by

KL± = ↗2 cos (𝑅) ln

[
tan

(
𝑅

2

)]
(19)

as reported in Tab. II

|ω±↓ |ε±↓
ϖ±
𝐿 = ↔+|𝑀𝑅

𝐿 |↗↓ sin 𝑅 sin 𝑅

ϖ±
𝑄 = ↔+|𝑀𝑅

𝑄 |↗↓ sin 𝑅 ↗ sin 𝑅

TABLE II. Estimates of the degree of ”catstateness” of eigen-
state pairs of the forms ω and ε, see Eqs. (??). The ”Sigma-
test ϖ± and the KL divergence Eq. ??

11

|→ · · · ↑ ↑𝐿↑𝑀 · · · →𝑁 ↑ →𝑂 · · · →𝑃↑ 𝑄 → · · · →↓ ± |→ · · · ↑ →𝐿→𝑀 · · · ↑𝑁 ↑ ↑𝑂 · · · ↑𝑃→ 𝑄 → · · · →↓ (12)

|↑ · · · ↑ ↑𝐿 · · · · · · → 𝑄 → · · · →↓ ± |↑ · · · ↑ →𝐿 · · · · · · ↑ 𝑄 → · · · →↓ (13)

|→ · · · ↑ ↑𝐿 · · · →𝑁 ↑ →𝑂 · · · ↑ 𝑄 → · · · →↓ ± |→ · · · ↑ →𝐿 · · · ↑𝑁 ↑ ↑𝑂 · · · → 𝑄 → · · · →↓

(14)

(ii) One- and two-body correlations— It is straight-
forward to compute standard one-body and two-body ob-
servables, such as the local magnetizations

𝐿𝑅
𝐿 = ↔𝑀𝑅

𝐿 ↓, (15)

and the two-point correlation functions (𝑁 = 𝑂, 𝑃)

𝑄𝑆𝑆
𝐿 𝑄 = ↔𝑀𝑆

𝐿 𝑀𝑆
𝑄 ↓ ↗ ↔𝑀𝑆

𝐿 ↓↔𝑀𝑆
𝑄 ↓, (16)

as reported in Tab. I for ω and ε as a function of the
angle 𝑅. Interestingly one sees that the main di!erence
between states |ω↓ and |ε↓ concerns the transverse
correlations 𝑄𝑇𝑇

𝐿 𝑄 which is always zero for |ω↓.

|ω+↓ |ω↗↓ |ε+↓ |ε↗↓
𝐿𝑅

𝐿 cos 𝑅 ↗ cos 𝑅 cos 𝑅 ↗ cos 𝑅

𝐿𝑅
𝑄 cos 𝑅 ↗ cos 𝑅 ↗ cos 𝑅 cos 𝑅

𝑄𝑅𝑅
𝐿 𝑄 sin2 𝑅 ↗ sin2 𝑅

𝑄𝑇𝑇
𝐿 𝑄 0 sin 𝑅 ↗ sin 𝑅

TABLE I. Expectation values of one and two body correla-
tions evaluated for cat states of the form |ω+↓ Eq. (??) and
|ω↗↓ Eq. (??) for 𝑆𝑅

pair
ϑ 0, as well as for |ε+↓ Eq. (??) and

|ε↗↓ Eq. (??) for 𝑆𝑅
pair

= 0.

(iii) Quantum mutual information— The two-site
quantum mutual information (see Appendix C) also al-
lows to discriminate between the two di!erent types of
Bell pairs. Indeed, QMI𝑈 , given by the following expres-
sions for Bell states,

QMI𝑈 =



ln

(
2

sin 𝑈

) ↗ (cos 𝑅) ln

(√
1+cos 𝑈
1+cos 𝑈

)
for ω±

ln
(

4
sin2 𝑈

)
↗ (cos 𝑅) ln

(
1+cos 𝑈
1+cos 𝑈

)
for ε±

(17)

is upper bounded by QMI𝑉/2 = ln 2 for |ω↓ and by
QMI𝑉/2 = ln 4 for |ε↓.

(iv) The ϖ test— Another very interesting and im-
portant quantity that will used below to quantify the
”catstateness” of an eigenstate pair is the o!-diagonal
matrix element

ϖ𝑀𝑃
𝐿 = ↔𝐿 |𝑀𝑅

𝐿 |𝑇↓. (18)

which we define as the ”ϖ test” for a pair of eigenstates
|𝐿↓ and |𝑇↓. For standard MBL eigenstates that are
adiabatically connected (via quasi-local unitaries [7]) to
simple product states, such o!-diagonal elements are
vanishingly small, while for resonant Bell pairs of the
above form, we expect O(1) values, as reported in Tab. II.
Remarkably, for perfect cats (𝑅 = 𝑈/2), we expect ϖ± = 1.

(v) The Kulback-Leibler divergence— If two eigen-
states form a strongly entangled cat pair (𝑅 ↘ 𝑈/2), while
othogonal by definition, their relative Kulback-Leibler
(KL) divergence, which quantifies how close two quan-
tum states are from each other [16], can be very small.

For general Bell pairs |ω↓ and |ε↓ parametrized by the
angle 𝑅, it is straightforward to compute their relative
KL divergences, given by

KL± = ↗2 cos (𝑅) ln

[
tan

(
𝑅

2

)]
(19)

as reported in Tab. II
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𝐿 = ↔+|𝑀𝑅
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ϖ±
𝑄 = ↔+|𝑀𝑅

𝑄 |↗↓ sin 𝑅 ↗ sin 𝑅

TABLE II. Estimates of the degree of ”catstateness” of eigen-
state pairs of the forms ω and ε, see Eqs. (??). The ”Sigma-
test ϖ± and the KL divergence Eq. ??
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|→ · · · ↑ ↑𝐿 · · · →𝑁 ↑ →𝑂 · · · ↑ 𝑄 → · · · →↓ ± |→ · · · ↑ →𝐿 · · · ↑𝑁 ↑ ↑𝑂 · · · → 𝑄 → · · · →↓

(14)

(ii) One- and two-body correlations— It is straight-
forward to compute standard one-body and two-body ob-
servables, such as the local magnetizations

𝐿𝑅
𝐿 = ↔𝑀𝑅

𝐿 ↓, (15)

and the two-point correlation functions (𝑁 = 𝑂, 𝑃)

𝑄𝑆𝑆
𝐿 𝑄 = ↔𝑀𝑆

𝐿 𝑀𝑆
𝑄 ↓ ↗ ↔𝑀𝑆

𝐿 ↓↔𝑀𝑆
𝑄 ↓, (16)

as reported in Tab. I for ω and ε as a function of the
angle 𝑅. Interestingly one sees that the main di!erence
between states |ω↓ and |ε↓ concerns the transverse
correlations 𝑄𝑇𝑇

𝐿 𝑄 which is always zero for |ω↓.
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𝐿𝑅
𝑄 cos 𝑅 ↗ cos 𝑅 ↗ cos 𝑅 cos 𝑅
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𝑄𝑇𝑇
𝐿 𝑄 0 sin 𝑅 ↗ sin 𝑅

TABLE I. Expectation values of one and two body correla-
tions evaluated for cat states of the form |ω+↓ Eq. (??) and
|ω↗↓ Eq. (??) for 𝑆𝑅

pair
ϑ 0, as well as for |ε+↓ Eq. (??) and

|ε↗↓ Eq. (??) for 𝑆𝑅
pair

= 0.

(iii) Quantum mutual information— The two-site
quantum mutual information (see Appendix C) also al-
lows to discriminate between the two di!erent types of
Bell pairs. Indeed, QMI𝑈 , given by the following expres-
sions for Bell states,

QMI𝑈 =



ln

(
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sin 𝑈

) ↗ (cos 𝑅) ln
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)
for ω±
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)
↗ (cos 𝑅) ln

(
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1+cos 𝑈

)
for ε±

(17)

is upper bounded by QMI𝑉/2 = ln 2 for |ω↓ and by
QMI𝑉/2 = ln 4 for |ε↓.

(iv) The ϖ test— Another very interesting and im-
portant quantity that will used below to quantify the
”catstateness” of an eigenstate pair is the o!-diagonal
matrix element

ϖ𝑀𝑃
𝐿 = ↔𝐿 |𝑀𝑅

𝐿 |𝑇↓. (18)

which we define as the ”ϖ test” for a pair of eigenstates
|𝐿↓ and |𝑇↓. For standard MBL eigenstates that are
adiabatically connected (via quasi-local unitaries [7]) to
simple product states, such o!-diagonal elements are
vanishingly small, while for resonant Bell pairs of the
above form, we expect O(1) values, as reported in Tab. II.
Remarkably, for perfect cats (𝑅 = 𝑈/2), we expect ϖ± = 1.

(v) The Kulback-Leibler divergence— If two eigen-
states form a strongly entangled cat pair (𝑅 ↘ 𝑈/2), while
othogonal by definition, their relative Kulback-Leibler
(KL) divergence, which quantifies how close two quan-
tum states are from each other [16], can be very small.

For general Bell pairs |ω↓ and |ε↓ parametrized by the
angle 𝑅, it is straightforward to compute their relative
KL divergences, given by

KL± = ↗2 cos (𝑅) ln

[
tan

(
𝑅

2

)]
(19)

as reported in Tab. II

|ω±↓ |ε±↓
ϖ±
𝐿 = ↔+|𝑀𝑅

𝐿 |↗↓ sin 𝑅 sin 𝑅

ϖ±
𝑄 = ↔+|𝑀𝑅

𝑄 |↗↓ sin 𝑅 ↗ sin 𝑅

TABLE II. Estimates of the degree of ”catstateness” of eigen-
state pairs of the forms ω and ε, see Eqs. (??). The ”Sigma-
test ϖ± and the KL divergence Eq. ??
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|→ · · · ↑ ↑𝐿↑𝑀 · · · →𝑁 ↑ →𝑂 · · · →𝑃↑ 𝑄 → · · · →↓ ± |→ · · · ↑ →𝐿→𝑀 · · · ↑𝑁 ↑ ↑𝑂 · · · ↑𝑃→ 𝑄 → · · · →↓ (12)

|↑ · · · ↑ ↑𝐿 · · · · · · → 𝑄 → · · · →↓ ± |↑ · · · ↑ →𝐿 · · · · · · ↑ 𝑄 → · · · →↓ (13)

|→ · · · ↑ ↑𝐿 · · · →𝑁 ↑ →𝑂 · · · ↑ 𝑄 → · · · →↓ ± |→ · · · ↑ →𝐿 · · · ↑𝑁 ↑ ↑𝑂 · · · → 𝑄 → · · · →↓

(14)

(ii) One- and two-body correlations— It is straight-
forward to compute standard one-body and two-body ob-
servables, such as the local magnetizations

𝐿𝑅
𝐿 = ↔𝑀𝑅

𝐿 ↓, (15)

and the two-point correlation functions (𝑁 = 𝑂, 𝑃)

𝑄𝑆𝑆
𝐿 𝑄 = ↔𝑀𝑆

𝐿 𝑀𝑆
𝑄 ↓ ↗ ↔𝑀𝑆

𝐿 ↓↔𝑀𝑆
𝑄 ↓, (16)

as reported in Tab. I for ω and ε as a function of the
angle 𝑅. Interestingly one sees that the main di!erence
between states |ω↓ and |ε↓ concerns the transverse
correlations 𝑄𝑇𝑇

𝐿 𝑄 which is always zero for |ω↓.

|ω+↓ |ω↗↓ |ε+↓ |ε↗↓
𝐿𝑅

𝐿 cos 𝑅 ↗ cos 𝑅 cos 𝑅 ↗ cos 𝑅

𝐿𝑅
𝑄 cos 𝑅 ↗ cos 𝑅 ↗ cos 𝑅 cos 𝑅

𝑄𝑅𝑅
𝐿 𝑄 sin2 𝑅 ↗ sin2 𝑅

𝑄𝑇𝑇
𝐿 𝑄 0 sin 𝑅 ↗ sin 𝑅

TABLE I. Expectation values of one and two body correla-
tions evaluated for cat states of the form |ω+↓ Eq. (??) and
|ω↗↓ Eq. (??) for 𝑆𝑅

pair
ϑ 0, as well as for |ε+↓ Eq. (??) and

|ε↗↓ Eq. (??) for 𝑆𝑅
pair

= 0.

(iii) Quantum mutual information— The two-site
quantum mutual information (see Appendix C) also al-
lows to discriminate between the two di!erent types of
Bell pairs. Indeed, QMI𝑈 , given by the following expres-
sions for Bell states,

QMI𝑈 =



ln

(
2

sin 𝑈

) ↗ (cos 𝑅) ln

(√
1+cos 𝑈
1+cos 𝑈

)
for ω±

ln
(

4
sin2 𝑈

)
↗ (cos 𝑅) ln

(
1+cos 𝑈
1+cos 𝑈

)
for ε±

(17)

is upper bounded by QMI𝑉/2 = ln 2 for |ω↓ and by
QMI𝑉/2 = ln 4 for |ε↓.

(iv) The ϖ test— Another very interesting and im-
portant quantity that will used below to quantify the
”catstateness” of an eigenstate pair is the o!-diagonal
matrix element

ϖ𝑀𝑃
𝐿 = ↔𝐿 |𝑀𝑅

𝐿 |𝑇↓. (18)

which we define as the ”ϖ test” for a pair of eigenstates
|𝐿↓ and |𝑇↓. For standard MBL eigenstates that are
adiabatically connected (via quasi-local unitaries [7]) to
simple product states, such o!-diagonal elements are
vanishingly small, while for resonant Bell pairs of the
above form, we expect O(1) values, as reported in Tab. II.
Remarkably, for perfect cats (𝑅 = 𝑈/2), we expect ϖ± = 1.

(v) The Kulback-Leibler divergence— If two eigen-
states form a strongly entangled cat pair (𝑅 ↘ 𝑈/2), while
othogonal by definition, their relative Kulback-Leibler
(KL) divergence, which quantifies how close two quan-
tum states are from each other [16], can be very small.

For general Bell pairs |ω↓ and |ε↓ parametrized by the
angle 𝑅, it is straightforward to compute their relative
KL divergences, given by

KL± = ↗2 cos (𝑅) ln

[
tan

(
𝑅

2

)]
(19)

as reported in Tab. II

|ω±↓ |ε±↓
ϖ±
𝐿 = ↔+|𝑀𝑅

𝐿 |↗↓ sin 𝑅 sin 𝑅

ϖ±
𝑄 = ↔+|𝑀𝑅

𝑄 |↗↓ sin 𝑅 ↗ sin 𝑅

TABLE II. Estimates of the degree of ”catstateness” of eigen-
state pairs of the forms ω and ε, see Eqs. (??). The ”Sigma-
test ϖ± and the KL divergence Eq. ??
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|→ · · · ↑ ↑𝐿↑𝑀 · · · →𝑁 ↑ →𝑂 · · · →𝑃↑ 𝑄 → · · · →↓ ± |→ · · · ↑ →𝐿→𝑀 · · · ↑𝑁 ↑ ↑𝑂 · · · ↑𝑃→ 𝑄 → · · · →↓ (12)

|↑ · · · ↑ ↑𝐿 · · · · · · → 𝑄 → · · · →↓ ± |↑ · · · ↑ →𝐿 · · · · · · ↑ 𝑄 → · · · →↓ (13)

|→ · · · ↑ ↑𝐿 · · · →𝑁 ↑ →𝑂 · · · ↑ 𝑄 → · · · →↓ ± |→ · · · ↑ →𝐿 · · · ↑𝑁 ↑ ↑𝑂 · · · → 𝑄 → · · · →↓

(14)

(ii) One- and two-body correlations— It is straight-
forward to compute standard one-body and two-body ob-
servables, such as the local magnetizations

𝐿𝑅
𝐿 = ↔𝑀𝑅

𝐿 ↓, (15)

and the two-point correlation functions (𝑁 = 𝑂, 𝑃)

𝑄𝑆𝑆
𝐿 𝑄 = ↔𝑀𝑆

𝐿 𝑀𝑆
𝑄 ↓ ↗ ↔𝑀𝑆

𝐿 ↓↔𝑀𝑆
𝑄 ↓, (16)

as reported in Tab. I for ω and ε as a function of the
angle 𝑅. Interestingly one sees that the main di!erence
between states |ω↓ and |ε↓ concerns the transverse
correlations 𝑄𝑇𝑇

𝐿 𝑄 which is always zero for |ω↓.

|ω+↓ |ω↗↓ |ε+↓ |ε↗↓
𝐿𝑅
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𝐿𝑅
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𝑄𝑅𝑅
𝐿 𝑄 sin2 𝑅 ↗ sin2 𝑅

𝑄𝑇𝑇
𝐿 𝑄 0 sin 𝑅 ↗ sin 𝑅

TABLE I. Expectation values of one and two body correla-
tions evaluated for cat states of the form |ω+↓ Eq. (??) and
|ω↗↓ Eq. (??) for 𝑆𝑅

pair
ϑ 0, as well as for |ε+↓ Eq. (??) and

|ε↗↓ Eq. (??) for 𝑆𝑅
pair

= 0.

(iii) Quantum mutual information— The two-site
quantum mutual information (see Appendix C) also al-
lows to discriminate between the two di!erent types of
Bell pairs. Indeed, QMI𝑈 , given by the following expres-
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is upper bounded by QMI𝑉/2 = ln 2 for |ω↓ and by
QMI𝑉/2 = ln 4 for |ε↓.

(iv) The ϖ test— Another very interesting and im-
portant quantity that will used below to quantify the
”catstateness” of an eigenstate pair is the o!-diagonal
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ϖ𝑀𝑃
𝐿 = ↔𝐿 |𝑀𝑅

𝐿 |𝑇↓. (18)

which we define as the ”ϖ test” for a pair of eigenstates
|𝐿↓ and |𝑇↓. For standard MBL eigenstates that are
adiabatically connected (via quasi-local unitaries [7]) to
simple product states, such o!-diagonal elements are
vanishingly small, while for resonant Bell pairs of the
above form, we expect O(1) values, as reported in Tab. II.
Remarkably, for perfect cats (𝑅 = 𝑈/2), we expect ϖ± = 1.

(v) The Kulback-Leibler divergence— If two eigen-
states form a strongly entangled cat pair (𝑅 ↘ 𝑈/2), while
othogonal by definition, their relative Kulback-Leibler
(KL) divergence, which quantifies how close two quan-
tum states are from each other [16], can be very small.

For general Bell pairs |ω↓ and |ε↓ parametrized by the
angle 𝑅, it is straightforward to compute their relative
KL divergences, given by

KL± = ↗2 cos (𝑅) ln

[
tan

(
𝑅

2

)]
(19)

as reported in Tab. II
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𝐿 = ↔+|𝑀𝑅
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ϖ±
𝑄 = ↔+|𝑀𝑅
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TABLE II. Estimates of the degree of ”catstateness” of eigen-
state pairs of the forms ω and ε, see Eqs. (??). The ”Sigma-
test ϖ± and the KL divergence Eq. ??
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(ii) One- and two-body correlations— It is straight-
forward to compute standard one-body and two-body ob-
servables, such as the local magnetizations

𝐿𝑅
𝐿 = ↔𝑀𝑅

𝐿 ↓, (15)
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𝐿 𝑀𝑆
𝑄 ↓ ↗ ↔𝑀𝑆

𝐿 ↓↔𝑀𝑆
𝑄 ↓, (16)

as reported in Tab. I for ω and ε as a function of the
angle 𝑅. Interestingly one sees that the main di!erence
between states |ω↓ and |ε↓ concerns the transverse
correlations 𝑄𝑇𝑇

𝐿 𝑄 which is always zero for |ω↓.
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𝑄𝑇𝑇
𝐿 𝑄 0 sin 𝑅 ↗ sin 𝑅

TABLE I. Expectation values of one and two body correla-
tions evaluated for cat states of the form |ω+↓ Eq. (??) and
|ω↗↓ Eq. (??) for 𝑆𝑅

pair
ϑ 0, as well as for |ε+↓ Eq. (??) and

|ε↗↓ Eq. (??) for 𝑆𝑅
pair

= 0.

(iii) Quantum mutual information— The two-site
quantum mutual information (see Appendix C) also al-
lows to discriminate between the two di!erent types of
Bell pairs. Indeed, QMI𝑈 , given by the following expres-
sions for Bell states,

QMI𝑈 =



ln

(
2

sin 𝑈

) ↗ (cos 𝑅) ln

(√
1+cos 𝑈
1+cos 𝑈

)
for ω±

ln
(

4
sin2 𝑈

)
↗ (cos 𝑅) ln

(
1+cos 𝑈
1+cos 𝑈

)
for ε±

(17)

is upper bounded by QMI𝑉/2 = ln 2 for |ω↓ and by
QMI𝑉/2 = ln 4 for |ε↓.

(iv) The ϖ test— Another very interesting and im-
portant quantity that will used below to quantify the
”catstateness” of an eigenstate pair is the o!-diagonal
matrix element

ϖ𝑀𝑃
𝐿 = ↔𝐿 |𝑀𝑅

𝐿 |𝑇↓. (18)

which we define as the ”ϖ test” for a pair of eigenstates
|𝐿↓ and |𝑇↓. For standard MBL eigenstates that are
adiabatically connected (via quasi-local unitaries [7]) to
simple product states, such o!-diagonal elements are
vanishingly small, while for resonant Bell pairs of the
above form, we expect O(1) values, as reported in Tab. II.
Remarkably, for perfect cats (𝑅 = 𝑈/2), we expect ϖ± = 1.

(v) The Kulback-Leibler divergence— If two eigen-
states form a strongly entangled cat pair (𝑅 ↘ 𝑈/2), while
othogonal by definition, their relative Kulback-Leibler
(KL) divergence, which quantifies how close two quan-
tum states are from each other [16], can be very small.

For general Bell pairs |ω↓ and |ε↓ parametrized by the
angle 𝑅, it is straightforward to compute their relative
KL divergences, given by

KL± = ↗2 cos (𝑅) ln

[
tan

(
𝑅

2

)]
(19)

as reported in Tab. II

|ω±↓ |ε±↓
ϖ±
𝐿 = ↔+|𝑀𝑅

𝐿 |↗↓ sin 𝑅 sin 𝑅

ϖ±
𝑄 = ↔+|𝑀𝑅

𝑄 |↗↓ sin 𝑅 ↗ sin 𝑅

TABLE II. Estimates of the degree of ”catstateness” of eigen-
state pairs of the forms ω and ε, see Eqs. (??). The ”Sigma-
test ϖ± and the KL divergence Eq. ??

±

(b) p = 2

(a) p = 1

FIG. 8. Illustration of some perfect cat states, described by
the general form |Φ±

2𝑝⟩ of Eq. (12) with 𝜃 = 𝜋/2. Panel (a)

corresponds to the peculiar 𝑝 = 1 case, which has the Bell-
type of the Ψ form Eq. (9), while panels (b-c) show examples
for 𝑝 = 2, 3.

remaining 𝐿 − 4 sites. This construction can be general-
ized to 2𝑝 fluctuating sites (that can be anywhere in the
system, not necessarily neighbors):

|Φ+
2𝑝⟩ =

(
cos

(
𝜃
2

) |𝜑2𝑝⟩ + sin
(
𝜃
2

) |𝜑2𝑝⟩
)
⊗ |𝜑𝐿−2𝑝⟩

|Φ−
2𝑝⟩ =

(
sin

(
𝜃
2

) |𝜑2𝑝⟩ − cos
(
𝜃
2

) |𝜑2𝑝⟩
)
⊗ |𝜑𝐿−2𝑝⟩,

(12)

where the |𝜑2𝑝⟩ are 2𝑝 site product states of zero total
magnetization, for instance of the form |𝜑2𝑝⟩ = |↑↑↑↓↓↓⟩,
with |𝜑2𝑝⟩ = |↓↓↓↑↑↑⟩ being the time-reversal symmet-
ric [90].
Interestingly, the toy cat states of the form |Φ±

2𝑝⟩ given
in Eq. (12) are rather general as they can also describe
|Ψ⟩ states in Eq. (9) by simply taking 𝑝 = 1. Fig. 8 il-
lustrates three maximally entangled/correlated (𝜃 = 𝜋/2)
cases, for 𝑝 = 1, 2, 3.

3. Physical observables and measures of catness

(i) One- and two-point observables— The above results,
displayed in Tab. I for the simpler 2-site wave-functions
Eqs. (9) and (10) can be used for the more general
ansatz of Eq. (12). The case 𝑝 = 1 corresponds exactly
to |Ψ⟩, and 𝑝 ≥ 2 to |Φ⟩ but with a negative sign for
𝐶𝑧𝑧
𝑖 𝑗 if the concerned sites (𝑖 𝑗) have anti-aligned spins

in the cat state expression, like for instance sites 𝑖 and
𝑛 in Fig. 8 (c). One should emphasize again that the
important distinction between different cat forms is that
the transverse correlations 𝐶𝑥𝑥

𝑖 𝑗 are non zero only if 𝑝 = 1.

(ii) Quantum mutual information— The two-site
quantum mutual information (QMI) also allows to
discriminate between the different types of cat pairs.
Indeed, QMI𝜃 is given by (see Appendix A2)

QMI𝜃 = 𝑄𝑝

[
ln

(
2

sin 𝜃

)
− cos 𝜃

2
ln

(
1 + cos 𝜃

1 − cos 𝜃

)]
, (13)

with the prefactors 𝑄1 = 2 and 𝑄𝑝 = 1 for 𝑝 > 1, as
seen in Fig. 9. One immediately notices that QMI is
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upper bounded by QMI𝜋/2 = ln 2 for 𝑝 > 1 and by
QMI𝜋/2 = ln 4 for 𝑝 = 1.

(iii) First catness measure: the Kullback-Leibler
divergence— In a given computational basis {|𝛼 𝑗⟩},
the Kullback-Leibler (KL) divergence [91] between two
normalized states |𝜙1,2⟩, expressed in this basis by

|𝜙𝑚⟩ =
NH∑︁
𝑗=1

√︃
𝑝 (𝑚)
𝑗 exp

(
𝑖𝜑 (𝑚)

𝑗

)
|𝛼 𝑗⟩, (14)

is given by the following expression

KL[12] =
NH∑︁
𝑗=1

𝑝 (1)
𝑗 ln

©­«
𝑝 (1)
𝑗

𝑝 (2)
𝑗

ª®¬
. (15)

Throughout this paper, we consider only the case where
{|𝛼⟩} is the standard {𝑆𝑧} basis (i.e. |↑↓↓ . . . ⟩).

While any two eigenstates are orthogonal by definition,
if they form a strongly entangled cat pair (𝜃 ∼ 𝜋/2), the
probabilities 𝑝 (1,2)

𝑗 can be as close as possible, so their

KL divergence, which quantifies how close two quantum
states are, can be very small. Therefore, the KL is ex-
pected to provide a very good estimate of the catness
of a pair. For our toy cat state ansatz |Φ±

2𝑝⟩, Eq. (12),
parametrized by the angle 𝜃, it is straightforward to com-
pute the relative KL divergences within the pair, which
is given for any value of 𝑝 ≥ 1, by

KL[±]
𝜃 = −2 cos (𝜃) ln

[
tan

(
𝜃

2

)]
. (16)

This is a very sensitive witness of catness, rapidly
vanishing when 𝜃 → 𝜋/2 (see Fig.9). More precisely, if

𝜃 = 𝜋/2 ± 𝛿, for small 𝛿 we get KL[±] ≈ 2𝛿2.

(iv) Second catness measure: the Σ test— Another
important quantity that will be used below to quantify

FIG. 9. Quantum mutual information (left) Eq. (13), and
Kullback-leibler divergence (right) Eq. (16), plotted as a func-
tion of the angle 𝜃 controlling the catness of the toy cat states.
Increasingly good catness is signaled by the vanishing of KL
for 𝜃 → 𝜋/2, and a QMI reaching its upper bounds, i.e. ln 4
for two-spin resonant states (𝑝 = 1), or ln 2 for more 𝑝 > 1.

the “catness” of an eigenstate pair is the off-diagonal
matrix element

Σ𝑚𝑛
𝑖 = ⟨𝜙𝑚 |𝜎𝑧

𝑖 |𝜙𝑛⟩, (17)

which we define as the ”Σ test” for a pair of eigenstates
|𝜙𝑚⟩ and |𝜙𝑛⟩, where 𝑖 is a fluctuating site. For standard
MBL eigenstates that are adiabatically connected (via
quasi-local unitaries) to a simple product state, such off-
diagonal elements are vanishingly small, while for reso-
nant cat pairs of the above form Eq. (12), we expect large
O(1) values. A simple calculation gives��Σ±

𝑖

�� = sin 𝜃, (18)

the sign of Σ±
𝑖 being determined by the orientation of the

local magnetization ⟨𝑆𝑧𝑖 ⟩/|⟨𝑆𝑧𝑖 ⟩|. Remarkably, for perfect

cats (𝜃 = 𝜋/2), we have
��Σ±

𝑖

�� = 1.

4. Two illustrating examples

We illustrate the “catness” features by looking at yet
another set of examples in Table II, which clearly exhibit
all the expected characteristic of cat state pairs [92]. We
recall that the “selection” (which is more explicitly de-
tailed below in Sec. III B 1) is firstly built on the criterion
of having strong |𝐶𝑧𝑧

𝐿/2 |.

Sample 3 Sample 4
𝜖 0.584447137 0.584447089 0.473941 0.473937

Δ𝜖 4.78 × 10−8 4.23 × 10−6
4𝐶𝑧𝑧

𝐿/2 -0.98427 -0.98409 -0.95596 -0.96008

4𝐶𝑥𝑥
𝐿/2 −1.7 × 10−6 −2 × 10−6 0.97774 -0.97984

2⟨𝑆𝑧𝑖 ⟩ 0.07001 -0.07163 -0.14827 0.15968
2⟨𝑆𝑧

𝑖+𝐿/2⟩ -0.06717 0.07329 0.16136 -0.15392

QMI 0.6568 0.6574 1.3011 1.3117
KL 0.01014 0.0531
Σ±
𝑖 0.9956 0.9739

Σ±
𝑖+𝐿/2 -0.9885 -0.9837

4𝐶𝑧𝑧
𝐿/2 − Σ±

𝑖 Σ
±
𝑗 -0.00012 0.00006 0.002 -0.002

TABLE II. Two examples of nearly degenerate cat-state pairs
found in the middle of the many-body spectra of two repre-
sentative samples at strong disorder (ℎ = 20). 𝐿 = 16 for
Sample 3 (left), and 𝐿 = 14 for Sample 4 (right).

Both samples have very large |𝐶𝑧𝑧
𝐿/2 | ∼ 1 as it is the

main selection criterion, but interestingly the transverse
correlations are completely different between the two
samples: close to zero for Sample 3, they are maximal
and staggered ≈ ±1 for Sample 4. Comparing with Ta-
ble I we see that Sample 3 seems to be of type |Φ±⟩,
Eq. (12), while Sample 4 is of type |Ψ±⟩. Or, using the
more general ansatz of Eq. (12), Sample 3 has 𝑝 > 1,
while 𝑝 = 1 for Sample 4. This is perfectly confirmed by
the QMI which is close to ln 2 for Sample 3 and ln 4 for
Sample 4.
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In both cases, the local magnetizations are small and
opposite on the fluctuating sites, the KL divergences
within the cat pairs are very small, and finally the Σs
are very close to ±1, also signaling the antiferromagnetic
pattern.

In addition, we find very small gaps between the cat
states, typically on the smaller side when compared to
the natural many-body level spacing at ℎ = 20 for these
sizes (see Sec. IVA).

B. Catness of states with long-range correlations

Beyond the examples of Sec. III A, we now ask if the
states with large, long-range correlations are indeed well
described by the proposed framework of toy cat states,
and contrast the results with more generic (MBL) states
in the many-body spectrum, through the lens of these
observables.

1. Selection algorithm

For each disordered sample, we diagonalize the sys-
tem and obtain the full set of eigenstates {|𝜙𝑛⟩} (𝑛 =
1, . . . ,NH). Focusing on strong mid-chain 𝑧𝑧 correlations
at distance 𝐿/2, we first search for the largest |𝐶𝑧𝑧

𝐿/2 | over
the entire many-body spectrum, and select the corre-
sponding eigenstate |𝜙𝑝⟩ if it satisfies the condition

|𝐶𝑧𝑧
𝐿/2 | ≥ 𝐶★. (19)

This strong 𝑧𝑧 correlation occurs between two sites
(𝑖, 𝑗), where | 𝑗−𝑖 | = 𝐿/2. We then search in the spectrum
for potential states |𝜙𝑞⟩ (𝑞 ≠ 𝑝) such that Eq. (19) is also
satisfied for the same couple (𝑖, 𝑗). In the very rare cases
where we find more than one such eigenstate, in order
to capture the most probable cat partner for |𝜙𝑝⟩ (if it
exists), we then compute the relative KL divergences be-
tween |𝜙𝑞⟩ and |𝜙𝑝⟩, and only keep the candidate state
that gives the minimum KL.

At present, we do not impose any further conditions
on either the KL, the transverse correlations or Σ. Our
analysis will show that they highlight signatures of the
cat states, and they will be used in Sec. IV.

2. KL divergences within potential cat pairs

(i) KL without state selection— For comparison, we
briefly recall the main properties of the KL divergence be-
tween neighboring eigenstates (denoted KLNN below) for
the whole spectrum, as the disorder strength ℎ is varied.
This object provides a very useful tool for estimating the
level of correlations between different eigenstates [27, 93–

95]. While at weak disorder, the average KLNN = 2 [96],

(a) h = 1

(c) h = 14
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FIG. 10. NN KL histograms over the entire spectrum, for
small chains (𝐿 = 8, 10, · · · , 16). At stronger disorder, a clear
peak at very small KL appears. Note the numerical precision
starts to be reached for some samples showing very large val-
ues of KL, typically above ∼ 60.

at stronger ℎ (in the MBL phase) it becomes extensive

KLNN ∝ 𝐿 [27].

Fig. 10 shows the full distributions corresponding to
Eq. (15) for the {𝑆𝑧} basis at three disorder strength. In
panel (a) at ℎ = 1 the distributions indeed become nar-
rower, peaking around KLNN = 2 as the size increases. In
contrast, at stronger disorder (b-c) ℎ = 6, 14, the distribu-
tions are much broader and their variance increases with
the system size. Nevertheless we find that the quantity
is self-averaging, as 𝑃(KLNN/𝐿) has a constant variance
(data not shown).

The most interesting feature for the following is the
intriguing presence at strong disorder of a significant
upturn of the histograms for KL → 0, visible in Fig. 10
(b-c). This indicates that some adjacent eigenstates
present strong and pronounced similarity, in contrast to
standard MBL states which are uncorrelated and exhibit
a volume-law KL. This feature at KL → 0 is, as we argue
below, a signature for the presence of cat state pairs
in the many-body spectrum. Note that cat states need
not be nearest neighbors in the spectrum (as already
seen for some cat states in Fig. 6) – we will discuss their
spectral distance in Sec. IV, but the majority of them are
nearest-neighbors, up to the point that their presence
becomes noticeable in the distribution of 𝑃(KLNN). The
conclusion that emerges at this stage is that a special
class of very similar nearest-neighbour eigenstates is
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FIG. 11. Average (top) and typical (bottom) values of the KL
for potential cat states (Sec. III B 1), for all available system
sizes and fields, and for three possible values of the threshold
𝐶𝑧𝑧
𝐿/2 ≥ 𝐶★.

definitely present and stable throughout the strong
disorder regime of the phase diagram, regardless of
system size 𝐿 and disorder ℎ.

(ii) Similarity analysis of candidate cat-states—
We now turn to a detailed analysis of the presumed
cat-like states, as obtained from our filtering algorithm
described in Sec. III B 1. By treating a large number
of disorder samples, we have of the order of a few tens
of thousands of candidate cat-states for the smallest
chains, and a few thousands for the largest systems.

a. First catness check. We first analyze the KLCS

of (presumed) cat states in Fig. 11, where we show their
ℎ dependence, for both average and typical divergences,
for all available system sizes, restricting our analysis to
strong disorder ℎ > 6. Clearly, this class of eigenstates
shows a very different behavior from the nominal ℎ-
dependence of KLNN: while KLNN ≫ 1 grows with both
𝐿 and ℎ, we find that KLCS ≪ 1, and that it shows almost
no dependence on either ℎ or 𝐿. This indicates that pairs
of eigenstates with very large 𝐶𝑧𝑧

𝐿/2 are extremely similar,

and also further strengthens our intuition that cat states
are the eigenstates contributing to the small-KL peak in
the distribution 𝑃(KLNN) in Fig. 10.

Another significant difference is the fact that average
and typical values of KLCS consistently differ (by a factor
of about 2), in contrast to KLNN for which they coincide.
Finally, an additional conclusion of Fig. 11 is that the
main dependence of KLCS is on the threshold 𝐶★, which
is set beforehand in the filtering process.

b. Comparison to predictions for toy cat states—
We now try to account for these observations based

on the toy cat states introduced in Sec. III A 2. We
start with the dependence of KLCS on the value of the
threshold 𝐶★ in Fig. 12 by representing, for compari-
son convenience, the typical and average values of KLCS

against 1/4 − 𝐶★ (i.e. the deviation from perfect catness

𝐶max = 1/4). In the limit 𝐶★ → 1/4, close to maximally
entangled cat pairs (i.e. with an angle 𝜃 ≈ 𝜋/2), we ex-
pect KLCS to vanish, after expanding Eq. (16) close to
𝜋/2, as

KL[±]
CS (𝜃) ≈ 2𝛿2 − 𝛿4, (𝛿 =

𝜋

2
− 𝜃), (20)

where 𝛿 measures the distance form perfect catness. In
order to make a quantitative comparison of our ED data
in Fig. 12 with simple analytical predictions such as
Eq. (20), we need to model the statistical averaging.
The selection of correlations within the interval

[𝐶★; 1/4] correspond in the toy cat states modelization to
an angle 𝜃★ ≤ 𝜃 < 𝜋/2 (assuming 𝜃 ≤ 𝜋/2 without loss of
generality). The simplest choice is to consider a uniform
distribution for 𝜃 ∈ [𝜃★; 𝜋/2], where the angle 𝜃★ is such
that

𝐶★ =
1

4
sin2 (𝜃★) . (21)

This allows to obtain both average and typical KL[±]
CS (𝜃★)

(see Appendix B 2 for details) which take the forms:

exp
(
lnKLCS

)
≈ 2

𝑒2

[ 𝜋
2
− 𝜃★

]2
≈ 3

𝑒2
KL[±]

CS (𝜃★). (22)

Fig. 12 shows that the dependence of the typical KLCS

on the threshold is very well captured by the toy cat
states. Although not perfectly, the behavior of the av-
erage KL is qualitatively also well captured by the toy
states, except at very large correlations where we have
very little statistics. Globally, the toy cat states model
reproduces very consistently the observed similarity be-
tween pairs of strongly-correlated eigenstates. We further
note the strong correlation between low-values of KL and
good (toy state) catness, which will be used sometimes
below as an additional cat states filtering criterion.
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FIG. 12. KL of the cat states plotted against the threshold
correlation 𝐶★. Analytical expressions Eq. (22) (full lines) are
compared with ED data (symbols), collected over all lengths
𝐿 = 8, · · · , 18 and over a large part of the rare-event regime
ℎ ≥ 10. Small filled symbols show numerical evaluation of the
toy cat state integrals Eq. (S1) and Eq. (S2).



13

3. The Σ-test

(i) Distribution of the Σ±
𝑖 — For a candidate pair of eigen-

states |Φ±⟩ , the computation of

Σ±
𝑖 = ⟨Φ+ | 𝜎𝑧

𝑖 |Φ−⟩ (23)

is a very sensitive test of their catness. Indeed, for the
sites 𝑖 that exhibit strong correlations, the toy description
of cat states Eq. (12) gives Σ±

𝑖 = Σ±
𝑖+𝐿/2 = sin 𝜃 (instead

of ≃ 0 for standard MBL states). Assuming again a sim-
ple uniform distribution for the angles 𝜃 ∈ [𝜃★ ; 𝜋/2], one
easily arrives at the following expression for its probabil-
ity distribution

𝑃(Σ±) = 2Θ ( |Σ± | − 4𝐶★)
( 𝜋2 − 𝜃★)

√︁
1 − (Σ±)2

, (24)

which is shown in Fig. 13 together with ED results. The
comparison is very interesting: the toy cat states predic-
tion describes quite well the ED data when considering
the pairs with low KLCS ≤ 0.1. When all KLs are kept,
the shape of the distribution gets more rounded, with
an additional small peak at zero, characterized more
precisely below.

(ii) Correlation between 𝐶𝑧𝑧
𝑖 𝑗 and Σ±

𝑖 Σ
±
𝑗— It is easy

to relate the connected longitudinal correlation function
between sites (𝑖, 𝑗) in a given eigenstate |𝜙𝑚⟩ to a sum
of product of Σ𝑖:

4𝐶𝑧𝑧
𝑖 𝑗

���
𝑚

= ⟨𝜙𝑚 | 𝜎𝑧
𝑖 𝜎

𝑧
𝑗 |𝜙𝑚⟩ − ⟨𝜙𝑚 | 𝜎𝑧

𝑖 |𝜙𝑚⟩ ⟨𝜙𝑚 | 𝜎𝑧
𝑗 |𝜙𝑚⟩

=
∑︁
𝑛≠𝑚

⟨𝜙𝑚 | 𝜎𝑧
𝑖 |𝜙𝑛⟩ ⟨𝜙𝑛 | 𝜎𝑧

𝑗 |𝜙𝑚⟩

=
∑︁
𝑛≠𝑚

Σ𝑛𝑚
𝑖 Σ𝑛𝑚

𝑗 . (25)

For typical (short-range correlated) MBL eigenstates, we
expect that the sum in Eq. (25) will remain exponentially
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FIG. 13. Distribution of the Σ±
𝑖 , Eq. (23), shown for the two

largest systems (𝐿 = 16, 18), and compared to the expression
Eq. (24) for toy cat states. Numerical data, collected for ℎ ∈
[10, 30] over all available cat pairs (≈ 20000 for 𝐿 = 16 and ≈
7000 for 𝐿 = 18 for 𝐶★ = 0.1) having a small Kullback-Leibler
divergence (KLCS < 0.1) show a remarkable agreement with
the analytical prediction (red line). The agreement is less
good if one keeps all values of KLs (green curve).
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𝑗 for the

mid-chain correlations ( |𝑖 − 𝑗 | = 𝐿/2) of candidate cat states,
filtered using 𝐶★ = 0.1 (dotted vertical lines at 4|𝐶𝑧𝑧

𝑖 𝑗 | = 0.4).

𝐿 = 16 data are collected over 105 random samples for disorder
strength ℎ ∈ [10 ; 30]. The 4 different panels show KL-filtered
results, yielding various number of targeted eigenpairs 𝑁𝑝: (a)
KL ≤ 0.1 𝑁𝑝 ≈ 13000, (b) KL ≤ 0.5 𝑁𝑝 ≈ 35000, (c) KL ≤ 2
𝑁𝑝 ≈ 50000, (d) KL > 2 𝑁𝑝 ≈ 1300. For KL ≤ 2 most of the
points align along the bisector, but as KL increases, spurious
events (|Σ±

𝑖 Σ
±
𝑗 | ≪ 4|𝐶𝑧𝑧

𝑖 𝑗 |) appear. No cat states are detected

for KL > 2.

suppressed with |𝑖 − 𝑗 |. In contrast, for a cat state |𝜙𝑚⟩
having a large correlation, the sum will be dominated by
the two protagonists of the pair, say |𝜙±⟩, providing an
estimate

4𝐶𝑧𝑧
𝑖 𝑗

���
𝜙±

≈ Σ±
𝑖 Σ

±
𝑗 = O(1). (26)

For the ansatz pair states Eq. (12) parametrized by 𝜃,
Eq. (26) is an exact equality with the O(1) constant equal
to sin2 𝜃.
For candidate cat states, testing Eq. (26) is another

salient probe of catness, as shown in Fig. 14, where we
numerically demonstrate the very strong correlation be-
tween 𝐶𝑧𝑧

𝑖 𝑗 and the product Σ±
𝑖 Σ

±
𝑗 , in line with the ex-

pected results for the toy cat states. Interestingly, if
one introduces an additional filtering with respect to the
value of KL, it clearly highlights its role in capturing
“genuine” cat states. While for KL ≤ 0.5 the vast ma-
jority of the states align on a very clear correlation line,
for KL≤ 2, we clearly obtain additional states which fall
out of this line. A fortiori, the Σ-test basically fails for
KL> 2, revealing an absence of genuine cat states for
these large values of Kullback-Leibler divergences.
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IV. ANATOMY OF THE CAT STATES

Thanks to the analysis in Sec. III, we are able to
identify and focus on cat states to study their spectral
properties and microscopic structure. To capture gen-
uine cat states, we only consider pairs with KLCS < 0.5
from now on. We find (data not shown) that most of
the cat pairs (70 to 95% depending on system size) have
a spectral distance 𝑑𝑠 = 1, that is, are nearest neighbor
energy states [97]. In the following, we discuss cat pairs
with spectral distance 𝑑𝑠 = 1, thus focusing on the most
resonant quasi-degenerate states.

A. Spectroscopy of the cat states

1. Density of (cat) states

We first discuss the normalized density of states (DOS)
and the density of cat states (DOCS), that we plot in
Fig. 15. They both exhibit Gaussian shapes, centered
around 𝜖 = 0.5, with no quantitative dependence on ℎ, at
least in the regime of interest ℎ ≥ 10. However, there is a
noticeable interesting distinction between the two densi-
ties as we observe that the DOCS is quantitatively more
peaked at 𝜖 = 0.5, as compared to the DOS. Gaussian
fits of the form

DO(C)S(𝜖) = 1√
2𝜋𝜎2

exp

(
− (𝜖 − 𝜖)2

2𝜎2

)
, (27)

provide a very good description of the data, with a vari-
ance that is ∼ 40% larger in the DOS than in the DOCS.
While relatively modest, this narrowing is clearly visible,
pointing the fact that the probability to find cat states
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is enhanced in the middle of the spectrum. This is also
a sign that the level spacing of the cat pairs might be
smaller than the natural spacing in the middle of the
many body spectrum, a fact that we discuss more quan-
titatively now.

2. Energy gaps and their distributions

(i) Histograms— We now consider the energy gaps in
Fig. 16 where we show the histograms of (the logarithm
of) the many-body level spacings for two representative
(strong) values of disorder. Panel (a) provides data for
the full spectra, to be compared with the cat state gaps
shown in panels (b) and (c), presented on the same
scale. We first notice that the cat gaps are more broadly
distributed than the full spectrum data, while their
distributions do not seem to broaden upon increasing 𝐿.
We also see that the order of magnitude of the cat gaps
are significantly smaller than the natural level spacings
(see below). As detailed in the caption of Fig. 16, the
statistics of cat states become very poor for ℎ = 20
as we are dealing with extremely rare events, and the
occurrence of cat states drops significantly for increasing
disorder.
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(ii) Typical and average decays— A more detailed anal-
ysis of the scaling of the typical and average gaps of the
cat states is given in Appendix B 4. The main result, as
already seen from the histogram, is that the cat gaps can
be much smaller than the natural level spacing, which
typically goes as 1/NH ∼ 2−𝐿. We find that both typ-
ical and average cat-gaps decay also exponentially with
𝐿, according to

Δ𝜖
CS

= Δ0 (ℎ) exp
(
− 𝐿

𝜉sp (ℎ)

)
, (28)

with an almost ℎ-independent spectral length 𝜉sp ∼
1.7 (slightly larger than the natural spectral length
(ln 2)−1 ∼ 1.44), but with a very small prefactor Δ0 (ℎ)
that rapidly decreases with the disorder strength, pre-
sumably like a power-law. While both the typical and
average cat gaps show a slightly slower exponential de-
cay than the natural spacing, this effect is largely offset
by the much smaller amplitude of the cat gaps, at least
for the available system sizes. However, we are unable to
conclude whether at very large sizes the natural gap will
eventually become smaller than the cat gap, or not.

B. Microscopic structure of the cat states

1. Fluctuating spins within cat eigenpairs

To get more insight on the microscopic local structure
of the nearly degenerate resonant cat states, we define
the simple local expectation value within each doublet
|Φ±⟩

N0 = 𝐿 −
𝐿∑︁
𝑖=1

��⟨Φ+ |𝑆𝑧𝑖 |Φ+⟩ + ⟨Φ− |𝑆𝑧𝑖 |Φ−⟩
�� , (29)

which is expected to give an estimate of the number of
fluctuating spins within a cat pair. For instance, using
the ansatz |Φ±

2𝑝⟩ defined in Eq. (12), the above sum sim-

ply yields N0 = 2𝑝, i.e. the number of fluctuating sites.
For non-cat states, we expect two simple behaviors for

N0. For localized-bits type MBL eigenstates, 𝑃(N0) is ex-
pected to be peaked at even values with an overall gaus-
sian enveloppe centered around N0 = 𝐿/2, if one chooses
adjacent eigenstates for |Φ±⟩ in Eq. (29) (this does not
mean that there are 𝐿/2 fluctuating sites, see App. B 3).
For ergodic states and using again |Φ±⟩ in Eq. (29) as
adjacent eigenstates, we expect N0 → 𝐿 (here, all sites
fluctuate).

2. Cat states anatomy: Histograms of the fluctuating sites

Fig. 17 shows the histograms of N0, computed over all
the available cat pairs for 𝐿 = 10, 11, · · · , 18. Data are
shown for two representative disorder strengths ℎ = 10
and ℎ = 20.

We observe clear peaks at even numbers (2𝑝) in the his-
tograms 𝑃(N0) as the signature of the number of fluctu-
ating sites involved in the resonant cat pairs. The peaks
are deeper and more pronounced for ℎ = 20, as localized
eigenstates get increasingly better described by |𝜑𝐿−2𝑝⟩
in the ansatz |Φ±

2𝑝⟩ of Eq. (12).
It is very interesting to notice that peaks gradually

develop towards larger values of even integers when 𝐿
increases, meaning that an increasing number of fluctu-
ating spins get involved in the cat states. This mecha-
nism follows a non-trivial distribution of the number of
pairwise fluctuations 𝑃(N0). Results for odd-numbered
chains show similar effects, meaning that there is also an
even number of fluctuating sites, and an odd number of
frozen spins.
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FIG. 17. Histograms of the number of fluctuating sites 𝑃(N0),
computed from Eq. (29) for cat states only, shown for various
system sizes, and two disorder strengths (ℎ = 10, 20).
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3. Typical number of resonant spins

Besides their distribution, it is also very instructive to
analyze the typical value of N0, providing an estimate for
the typical number of sites that are involved in many-
body resonances. The evolution of Ntyp

0 with 𝐿 is shown
in Fig. 18, for which we want to make a few remarks.

First, let us emphasize that the true number of fluctu-
ating spins is probably better estimated at the strongest
disorder, where the sum in Eq. (29) may be more easily
saturated by nearly perfectly polarized moments [31, 39,
41, 98–101]. This is also evident from the histograms in
Fig. 17, which have more weight at non-integer values for
ℎ = 10 compared to ℎ = 20.

8 10 12 14 16 18 20

4

5

6

7

8

9
power-law fits

linear fits

L/2

h=10 (even)

h=10 (odd)

h=20 (even)

h=20 (odd)

8 10 12 14 16 18 20

4

5

6

7

8

9
power-law fits

linear fits

L/2

h=10 (even)

h=10 (odd)

h=20 (even)

h=20 (odd)

L /2
linear fits
power − law fits

h = 10 (even)
h = 10 (odd)
h = 20 (even)
h = 20 (odd)

System size L

Nu
mb

er
of

flu
ctu

ati
ng

site
s𝖭

typ 0

FIG. 18. Typical number of fluctuating spins with the cat
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0 computed from Eq. (29), plotted as a function

of the system size 𝐿. Two values of disorder strengths (ℎ =
10, 20) are shown for odd and even chains. Colored lines are
linear (green) and power-law (red) fits, see Tab. III for the
parameters. The dashed line at 𝐿/2 is shown for comparison.

Ntyp
0 grows with 𝐿, but clearly slower than 𝐿/2, which

would be expected from a naive perturbative coupling
between spins at distance 𝐿/2. We have tried two types
of fits (on even sizes only): a linear form Ntyp

0 = 𝑥fluc.𝐿+𝑏,
and a power-law ∼ 𝐿 𝛿 , the latter being slightly better, as
perhaps visible from the small curvature in Fig. 18. In
Table III we provide the fitting parameters.

4. Discussion

The previous analysis provides us with valuable infor-
mation about the local structure of this new type of long-

linear: 𝑥fluc𝐿 + 𝑏 power-law: ∼ 𝐿 𝛿

ℎ = 10 𝑥fluc = 0.355(2), 𝑏 = 1.1(1) 𝛿 = 0.80(1)
ℎ = 20 𝑥fluc = 0.309(3), 𝑏 = 1.3(1) 𝛿 = 0.74(1)

TABLE III. Fitting parameters for even sizes data shown in
Fig. 18 by green (linear) and red (power-law) lines.

range correlated eigenstates, understood in terms of res-
onant pairs of cat states. In fact, there is a very rich dis-
tribution of ”possible paths” (in real space) that can be
taken to establish long-range resonances in the system, as
shown in Fig. 17, which gives an estimate of the number
of intermediate spin flips that can occur in the cat pair.
Interestingly, the most probable number of spin flips is
significantly smaller than 𝐿/2, which tells us that there
should be some long-range processes that can virtually
couple distant spins across the chain. Recent results [76]
appear to be compatible with this conclusion, albeit in
a different setup (Floquet system, with open boundary
conditions and no magnetization conservation).
Typically, as reported in Fig. 18 and Tab. III, this num-

ber of spin flips is found to scale either linearly ∝ 𝑥fluc𝐿,
with a fraction of fluctuating sites 𝑥typ ∼ 0.3, or to follow
a sublinear power law ∼ 𝐿 𝛿 , with an exponent 𝛿 ∼ 0.75.
This last possibility could be tentatively understood as
the result of a fluctuating backbone with a fractal dimen-
sion 𝛿 < 1 [12], an interpretation that may be consistent
with proposed scenarios of rare fractal thermal inclusions
within the MBL phase [12, 66].

V. DISCUSSIONS AND CONSEQUENCES FOR
THE MBL PROBLEM

Consequences for the recent debates— The overview of
the problem that we propose in Fig. 1 for a wide range
of disorder strengths, strongly supported by a substan-
tial body of results throughout the paper, clearly sug-
gests that the MBL regime is much richer than expected.
Thus, while at first glance our results may seem relatively
consistent with the “landmarks” picture proposed by
Morningstar et al. [42], they nevertheless deviate some-
what (as we explain below). Perhaps more importantly,
we show that rare events are a key player in the very rich
phenomenology of the MBL, as also recently discussed in
Refs. [69, 70].
Based on extensive numerics and an analytical ansatz,

we clearly demonstrate the existence of system-wide res-
onances for the random-field Heisenberg chain, described
in terms of long-range resonant pairs of cat states that
exist for a broad range of disorder strengths, which turns
out to extend far beyond the first estimates of Ref. [42].
In addition we establish, based on rare events of O(1)
two-point correlations, an upper bound for the MBL
transition ℎmax ∼ 20−25, that turns out to coincide with
the estimate of avalanche instability from Ref. [42].
In light of these resonant eigenstates, which inci-
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dentally are not present in the ℓ-bit theory, it would
certainly be useful to reconsider some objects that have
been studied earlier in the MBL context, such as the
fidelity susceptibility [59] whose instability at strong
disorder is certainly related to the existence of such
resonant cat pairs [102] but may not directly imply MBL
instability, or the localization-delocalization criterion
G (related to the local operator matrix elements) of
Ref. [30] for which the probability distribution exhibits
a small but noticeable increase for large G in the MBL
phase.

Possible scenarios— Returning to Fig. 1, the question re-
mains somewhat open about the nature in the the ther-
modynamic limit of the broad “intermediate” rare-event
regime that we find between ℎMBL ∼ 5, corresponding to
the standard observable transitions (much less sensitive
to rare events), and ℎmax ∼ 20−25, which signals the en-
trance in a regime where all eigenstates are short-range
correlated and is thus presumably an upper bound for
the MBL transition.

While we are certainly better assured that this regime
has a rich structure, hosting an increasing number (as ℎ
decreases from ℎmax) of resonant cat-like states, some im-
portant unanswered questions are: are these long-range
correlated cat-states the main actors (i.e. are needed) for
restoration of ergodicity, or a by-product of another ther-
malization mechanism at play? What is their required
density (out of an exponential number of short-range lo-
calized ones) to witness a restoration of ergodicity in the
thermodynamic limit ?

A possible scenario would be that the fat-tail regime
5 ≲ ℎ ≲ 10 [70] could eventually become fully ergodic
at very large scales (although impossible to observe in
current numerics or experiments), due to a huge prolif-
eration and hybridization of multiple cat-like resonances
at all scales [80]. The other side of the rare-event regime,
on the other hand, would likely remain stable as an MBL
phase in most aspects, despite the existence of long-range
resonant cat-like states, but which are not sufficiently nu-
merous to destabilize the phase. Finally, we can also ask
whether MBL at very strong disorder, free of rare events,
is fundamentally different from MBL with very rare long-
range correlated states.

VI. SUMMARY AND CONCLUSIONS

By means of large-scale, large-statistics numerical sim-
ulations, our work addressed the existence of unusual
eigenstates holding anomalous strong long-range longi-
tudinal correlations in the strong-disorder regime of the
prototypical lattice model of many-body localization. In
the first part of this work, we first characterize their
statistics, finding that they proliferate (with their num-
ber growing with 𝐿 but slower that the Hilbert-space
size) in a wide-(strong) disorder regime, typically ℎ ∼ 10
to ℎ ∼ 20, while we find no evidence for their probabilistic

occurrence above ℎ ∼ 20−25. Below the value ℎ ∼ 8−10,
their incidence is high enough that they affect average ex-
pectations values of long-range longitudinal correlators.
The extreme statistics of the strongest correlator (in a
disorder sample) confirms this analysis.

The second part of our paper is devoted to the
microscopic content of these rare eigenstates. We make
the striking observation that these eigenstates come
by pairs, and that their properties are extremely well
reproduced by a simple model of toy cat states. The
reproduced properties are: the strong similarity (as
measured by a low Kullback-Leibler divergence) between
the two states in the pair, the fact that the two states
of the pair can be mapped one to another by simply
applying 𝜎𝑧

𝑖 (Σ test) and of course the strong defining
connected longitudinal correlations. Further, we find
that these long-range cat states are most of the time
nearest-neighbors in the energy spectrum, separated by
an energy gap which is statistically smaller than the
many-body level spacing. All these elements provide a
proof that these eigenstates pairs are nothing but long-
range resonances which have been extensively discussed
and argued to be the precursors of thermalization inside
the MBL regime [28, 42, 76, 80–83]. While some previous
works postulated the existence (and importance) of cat
states as incarnations of many-body resonances inside
the MBL phase, we believe this is the first complete and
extended demonstration of (a category of) cat eigen-
states (those carrying long-range strong correlations)
as long-range many-body resonances for a microscopic
model hosting a MBL phase. Previous numerical work
in the quest for MBR indeed either tested consequences
of (or directly studied) theoretical models of MBR
[28, 42, 80, 83, 84, 103], with the exception of Ref. [76].
Here we instead provide a concrete filtering procedure
for selecting these rare eigenstates, which are then a
posteriori found to be many-body resonances of cat
states type.

Our results provide a number of ways forward to
improve our understanding of the MBL problem in the
strongly debated intermediate to strong disorder regime
ℎ > 5. First, they offer a concrete basis for improving
models [81–83] of many-body resonances in the most
studied MBL Hamiltonian, for instance allowing one to
test directly their consequences. The intriguing scaling
of the number of fluctuating spins, together with the
cat-states magnetization profiles that we report, do
not immediately match with the naive perturbative
expectation of 𝐿/2 spin flips to create cat states res-
onating at distance 𝐿/2. Further, the filtering process
for identifying the cat-states MBR could also be used in
the core of renormalization group treatments [11, 12, 98]
of the MBL problem. Finally, the sparsity of these
cat-states at (very) strong disorder, and their increased
occurrence as disorder decreases, confirm the validity of
rare-events analysis of the MBL regime [69].
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For concreteness, we focused our analysis only on
system-wide (in our case the maximal 𝐿/2 distance)
correlations, as they are expected to render the MBL
phase unstable, thus providing an upper bound on
MBL stability (which our analysis suggests to be
ℎmax ∼ 20 − 25 for the random-field Heisenberg chain).
There are of course resonances on smaller length-scales
(at short fixed distances, or at other extensive scales
such as 𝐿/3, 𝐿/4, etc.), for which a similar analysis
could also be performed. We expect that the toy cat
states should also provide a good modelization of such
shorter-range resonances (indeed there is no dependence
on the distance between resonating sites in the toy cat
states). The only difference would be in the energy scale
separating the cat states (the shorter-range resonances
will be more distant in the energy spectrum). Another
intrinsic property of the random-field Heisenberg chain
is that it conserves magnetization, which is not necessary
for MBL to occur. It would be extremely appealing
to extend our approach and the use of the proposed
numerical probes for catness (such as low KL, the Σ
test, modelization with toy cat states) in models of MBL
with no U(1) conservation law [11, 104–110].
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Supplementary Material

These appendices support several points which are only
briefly mentioned in the main text. Appendix A fo-
cuses on two point-functions, especially at large dis-
tances, while Appendix B focuses on both the toy and
the actual cat states properties.

Appendix A: Strong systemwide two-point functions

1. Instability regime

Here, we provide a brief reminder of the detection of
an instability regime discussed extensively in Ref. [70],
taking advantage of our new data up to extremely strong
disorder. Unlike that previous work, we here use the
full many-body spectrum. As a consequence, we have
access to much larger statistics, but are limited to smaller
system sizes.

As discussed in Sec. II, we focus on two related observ-
ables: the weight 𝑊 𝑧

★ Eq. 3 of eigenstates with anoma-
lously large mid-chain longitudinal correlations, and the
related average number 𝑁 𝑧

★ of such eigenstates per sample
Eq. 6, where the ★ symbol refers to the dependence on
the criterion 𝐶★. Fig. S1 considers the system size depen-
dence based on two types of fits for the weight: power-law
Eq. 4, controlled by 𝜂𝑧, or exponential Eq. 5, controlled
by Λ𝑧. Their comparison for sliding fits over four system
sizes highlights three regimes, for 𝐶𝑧𝑧

𝐿/2 ≥ 𝐶★ = 0.1. The

behavior of Λ𝑧, compared to the natural length Λ𝐻 as-
sociated with the many-body spectral gap in panel (a),
is consistent with the inset of Fig. 2 at 𝐶★ = 0.2: at very
strong disorder ℎ ≳ 20−25, Λ𝑧/Λ𝐻 is well converged and
below unity, suggesting a complete absence of rare events
in the thermodynamic limit (scenario (ii) in Sec. II B).

At weaker disorder (ℎ ≲ 20), we ask whether we can
distinguish between possibilities (i) and (iii). Namely, fol-
lowing Ref. [70], we seek to distinguish (i) the existence
of a well-converged Λ𝑧 > Λ𝐻 from (iii) a power-law de-
pendence of the weight 𝑊 𝑧

★ on the system size, implying
a growing effective Λ𝑧 and a converged 𝜂𝑧. Panels (a-b-c)
of Fig. S1 provide a consistent picture. While it is diffi-
cult to pinpoint from panel (a) exactly at which disorder
strength Λ𝑧 will converge to a finite value, the results
in panels (b-c) show beyond any doubt that the decay
𝑊 𝑧

★(𝐿) is much slower than exponential for ℎ ≲ 8 − 10
- it may even be slower than power-law. This is consis-
tent with the result of Ref. [70], where a much smaller
threshold 𝐶★ = 0.01 was used. Although limited system
sizes do not allow clear conclusions, the results for the
larger system sizes could potentially be consistent with a
power-law regime extending to slightly stronger disorder
strength. This highlights the challenge of getting both
large enough systems and sufficient statistics of the rare
events of strong correlations to conclude on the distinc-
tion between (i) and (iii).
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FIG. S1. Parameters controlling the decay of average number
of eigenstates per sample 𝑁 𝑧

★ having strong systemwide cor-
relations for 𝐶★ = 0.1 (see also caption of Fig. 2). (a) Λ𝑧/Λ𝐻
becomes smaller than 1 for ℎ ∼ 20−25. (b) The rescaling of Λ𝑧

with the average system size of the fit window (𝐿 = 11, 13, 15)
is consistent with an instability regime gradually setting in
below ℎ ∼ 8 − 10. (c) This is consistent with the results for
the power-law exponent 𝜂𝑧 .

2. Quantum mutual information

a. Reduced density matrix

The reduced density matrix 𝜌𝑖 𝑗 of two spins (at sites 𝑖
and 𝑗) can be expanded [117] using the Pauli matrices,

𝜌𝑖 𝑗 =
1

4

∑︁
𝛼,𝛽=1,𝑥,𝑦,𝑧

⟨𝜎𝛼
𝑖 𝜎

𝛽
𝑗 ⟩𝜎𝛼

𝑖 𝜎
𝛽
𝑗 , (S1)

where 𝛼, 𝛽 = 1 corresponds to the 2 × 2 identity ma-
trix. For the model Eq. 1, the magnetization conserva-
tion yields non-zero contributions only for the 11, 𝑥𝑥, 𝑦𝑦,
𝑧𝑧, 1𝑧, 𝑧1 combinations, giving

𝜌𝑖 𝑗 =
1

4

©­­­
«

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

ª®®®
¬

+1
2
⟨𝜎𝑥

𝑖 𝜎
𝑥
𝑗 ⟩

©­­­«

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

ª®®®¬
+ 1

4
⟨𝜎𝑧

𝑖 𝜎
𝑧
𝑗 ⟩
©­­­«

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

ª®®®¬

+1
4
⟨𝜎𝑧

𝑖 ⟩
©­­­«

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

ª®®®¬
+ 1

4
⟨𝜎𝑧

𝑗 ⟩
©­­­«

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

ª®®®¬
.

If one defines

𝑚𝑖 = ⟨𝜎𝑧
𝑖 ⟩ (S2)

𝑚 𝑗 = ⟨𝜎𝑧
𝑗 ⟩ (S3)

𝑐𝑧𝑧𝑖 𝑗 = ⟨𝜎𝑧
𝑖 𝜎

𝑧
𝑗 ⟩ (S4)

𝑐𝑥𝑥𝑖 𝑗 = ⟨𝜎𝑥
𝑖 𝜎

𝑥
𝑗 ⟩, (S5)

the reduced density matrix takes the simple block-
diagonal form

𝜌𝑖 𝑗 =
1

4

©­­­«

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

ª®®®¬

+
©­­­­­­«

𝑚𝑖+𝑚 𝑗+𝑐𝑧𝑧𝑖 𝑗
4 0 0 0

0
𝑚𝑖−𝑚 𝑗−𝑐𝑧𝑧𝑖 𝑗

4

𝑐𝑥𝑥
𝑖 𝑗

2 0

0
𝑐𝑥𝑥
𝑖 𝑗

2 −𝑚𝑖−𝑚 𝑗+𝑐𝑧𝑧𝑖 𝑗
4 0

0 0 0 −𝑚𝑖+𝑚 𝑗−𝑐𝑧𝑧𝑖 𝑗
4

ª®®®®®®¬
,

from which the 4 eigenvalues are easy to get:

𝜆1 = (1 + 𝑚𝑖 + 𝑚 𝑗 + 𝑐𝑧𝑧𝑖 𝑗 )/4
𝜆2 = (1 − 𝑚𝑖 − 𝑚 𝑗 + 𝑐𝑧𝑧𝑖 𝑗 )/4 (S6)

𝜆3,4 =
1

4

(
1 − 𝑐𝑧𝑧𝑖 𝑗 ±

√︃
(𝑚𝑖 − 𝑚 𝑗 )2 + (2𝑐𝑥𝑥𝑖 𝑗 )2

)
.

b. Quantum mutual information

The quantum mutual information

QMI𝑖 𝑗 = 𝑆 (1)
𝑖 + 𝑆 (1)

𝑗 − 𝑆 (2)
𝑖 𝑗 , (S7)

involves the entanglement entropies (EEs) of the single
sites 𝑆𝑖 and 𝑆 𝑗 , and the EE of the pair 𝑆𝑖 𝑗 . In the model
at hand Eq. 1, the single-site reduced density matrix is
diagonal with entries 1

2 (1 ± ⟨𝜎𝑧⟩), which gives for the
single-site EE

𝑆𝑖 = ln 2 − 1

2
(1 − 𝑚𝑖) ln (1 − 𝑚𝑖)

− 1

2
(1 + 𝑚𝑖) ln (1 + 𝑚𝑖) . (S8)
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The two-site EE

𝑆𝑖 𝑗 = −
4∑︁

𝑘=1

𝜆𝑘 ln𝜆𝑘 , (S9)

can be simplified in some limits, using the expressions of
the 𝜆s given in Eq. (S6)

c. QMI for toy cat sates

For the general ansatz description of cat pairs

|Φ+
2𝑝⟩ =

(
cos

(
𝜃
2

) |𝜑2𝑝⟩ + sin
(
𝜃
2

) |𝜑2𝑝⟩
)
⊗ |𝜑𝐿−2𝑝⟩

|Φ−
2𝑝⟩ =

(
sin

(
𝜃
2

) |𝜑2𝑝⟩ − cos
(
𝜃
2

) |𝜑2𝑝⟩
)
⊗ |𝜑𝐿−2𝑝⟩,

where the |𝜑2𝑝⟩ are 2𝑝 site product states of zero total
magnetization, one has to consider the three possible
situations:

(i) If 𝑝 = 1, this is a Bell state of the form Ψ for which
𝑚𝑖 = −𝑚 𝑗 = ± cos 𝜃, 𝑐𝑧𝑧𝑖 𝑗 = −1, and 𝑐𝑥𝑥𝑖 𝑗 = − sin 𝜃.

(ii) If 𝑝 > 1 and correlations are antiferromagnetic,
𝑚𝑖 = −𝑚 𝑗 = ± cos 𝜃, 𝑐𝑧𝑧𝑖 𝑗 = −1, and 𝑐𝑥𝑥𝑖 𝑗 = 0.

(iii) If 𝑝 > 1 and correlations are ferromagnetic,
𝑚𝑖 = 𝑚 𝑗 = ± cos 𝜃, 𝑐𝑧𝑧𝑖 𝑗 = 1, and 𝑐𝑥𝑥𝑖 𝑗 = 0.

In all the three cases, the sum of the two single-site
EEs is given by

𝑆𝑖 + 𝑆 𝑗 = ln 4 − (1 − cos 𝜃) ln (1 − cos 𝜃)
− (1 + cos 𝜃) ln (1 + cos 𝜃) . (S10)

On the other hand, the eigenvalues 𝜆𝑖, Eq. (S6) take
distinct forms. For the case (i), we get 𝜆1,2,4 = 0
and 𝜆3 = 1, thus yielding for the two-site EE Eq. (S9)
𝑆𝑖 𝑗 = 0, and therefore QMI = 𝑆𝑖 + 𝑆 𝑗 , as given by
Eq. (S10). There is a symmetry between case (ii), which
gives 𝜆1,2 = 0, and 𝜆3,4 = (1 ± cos 𝜃)/2, and case (iii) for
which 𝜆1,2 = (1 ± cos 𝜃)/2, and 𝜆3,4 = 0, thus yielding for
(ii-iii) 𝑆𝑖 𝑗 = (𝑆𝑖 + 𝑆 𝑗 )/2, and thus QMI = (𝑆𝑖 + 𝑆 𝑗 )/2.
We can summarize the results in a single formula

QMI = 𝑄𝑝

[
ln

(
2

sin 𝜃

)
− cos 𝜃

2
ln

(
1 + cos 𝜃

1 − cos 𝜃

)]
, (S11)

where the prefactor simply encodes the type of cat state,
𝑄𝑝 = 2 for 𝑝 = 1 and 𝑄𝑝 = 1 for 𝑝 > 1.

3. Edge effects

We provide evidence supporting our claim of Sec. IID 4
regarding the boundary effects. First, we confirm the re-
sults obtained in Ref. [42] for the system-wide resonances
landmark Lswr, see panels (a-b) of Fig. S2. As claimed
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FIG. S2. Boundary effects on the large long-distance correla-
tions providing the “systemwide resonances” landmark Lswr

based on the maximal QMI. Left: longitudinal correlations.
Right : quantum mutual information Eq. 8. (a-b) : reproduc-
ing the results of Ref. [42] and comparing to the longitudinal
correlations result, ℎmax (𝐿) ∈ 7 − 9. (a’-b’) The results are
modified significantly when considering correlations between
sites 2 and 𝐿 − 1 instead, ℎmax (𝐿) ∈ [6− 11]. (c-d) The drifts
of the crossings between neighbouring even system sizes are
shown as a function of 1/𝐿, with 𝐿 indicating the largest of
the two sizes, and extrapolate to widely different ℎmax.

in the main text, Fig. S3 provides clear evidence that
the two end spins are effectively more localized than the
bulk spins. We proceed to show that this has important
consequences on the landmarks given by the maximal
longitudinal correlations or the maximal QMI. Indeed, if
we take the two spins which are one site away from the
edge of the chains (which we dub end’, see panels (a’)
and (b’) of Fig. S2), the critical value (as obtained by
the crossings) occurs at larger disorder. Furthermore, its



21

-0.5 -0.25 0 0.25 0.5

0.1

1

10

100

OBC

Edge spins
Bulk spins

⟨Sz
i ⟩

P
(⟨S

z i⟩ )

FIG. S3. For open chains, the edge spins are more localized
than the bulk ones. Histograms of the local magnetizations
collected over 103 samples and all eigenstates for 𝐿 = 16 OBC
chains at ℎ = 10.

drift with system size gets more pronounced. This effect
is emphasized in panels (c) and (d), where the values of
this landmark for OBC (end and end’) are compared to
the one obtained with PBCs. In the latter case, the land-
mark Lswr gets pushed all the way to ℎ ∼ 20, as discussed
in the main text.

Appendix B: Long-range correlated cat states

This appendix provides additional informations on the
toy cat states including examples and detailed calcula-
tions.

1. Example for 𝐿 = 20 and ℎ = 9

In Fig. 7, we presented an example of a strongly cor-
related state (Sample 2) which guided our construction
of toy cat states. However, we later focused on other
examples in Sec. III A 4 when testing out catness mea-
sures. For the sake of completeness, Table IV provides
the results associated with Sample 2. They are character-
istic of a cat state pair of type Φ2𝑝 with 𝑝 > 1 (Eq. 12,
Table I), as highlighted by the very small value of the
transverse correlations and by the QMI a bit smaller than
𝑄2 = ln(2). The “Σ-test” reveals a less perfect cat pair
than Sample 3 in Table II.

2. KL for cat states

In the main text Sec. III B, we discussed properties
of potential cat states under the light of toy cat states.

Sample 2
𝜖 0.5000330 0.5000366

Δ𝜖 3.62 × 10−6
4𝐶𝑧𝑧

𝐿/2 0.91371 0.92705

4𝐶𝑥𝑥
𝐿/2 −3.3 × 10−6 −2.7 × 10−6

2⟨𝑆𝑧𝑖 ⟩ -0.01562 0.05118
2⟨𝑆𝑧

𝑖+𝐿/2⟩ -0.0272 0.05750

QMI 0.5161 0.5401
KL 0.01718
Σ±
𝑖 0.94201

Σ±
𝑖+𝐿/2 0.97691

4𝐶𝑧𝑧
𝐿/2 − Σ±

𝑖 Σ
±
𝑗 -0.00012 0.00006

TABLE IV. Sample 2 from Fig. 7 (𝐿 = 20, ℎ = 9), where
𝑖 = 4, 𝑗 = 𝑖 + 𝐿/2 = 14 are the sites with a strong longitudinal
correlation.

There, we mentioned results for the average and typical
KL in a simplified picture where the distribution of 𝜃 is
modeled as uniform in [𝜃★, 𝜋/2]. Here we provide a few
details.
The average KL is given by

KL[±]
CS (𝜃★) =

∫ 𝜋/2

𝜃★

KL[±]
CS (𝜃)

𝜋/2 − 𝜃★
d𝜃 (S1)

=
∫ 0

−𝛿★

KL[±]
CS (𝛿)
𝛿★

d𝛿

≈ 2

3
𝛿2★ − 1

5
𝛿4★

≈ 2

3

[ 𝜋
2
− arcsin

(
2
√︁
𝐶★

)]2
.

In the first two steps we have replaced KL±
CS by its expan-

sion around 𝛿 = 𝜋/2− 𝜃 = 0 (Eq. (20)) before integrating.
The last equality comes from replacing 𝛿★ in the 2nd or-
der term by its expression in terms of the criterion 𝐶★.

exp
(
lnKLCS

)
= exp

(∫
ln

[
KL± (𝜃)] 𝑃(𝜃)d𝜃) (S2)

≈ 2

e2

( 𝜋
2
− 𝜃★

)2
≈ 2

e2

[ 𝜋
2
− arcsin

(
2
√︁
𝐶★

)]2
.

We show in Fig. S4 the distributions 𝑃(lnKLcs) for two
values of 𝐶★. As we have previously seen that there is
no ℎ-dependence for ℎ ≥ 10 (see Fig. 11), all values of
ℎ ≥ 10 are treated equally to build the histograms. This
plot further demonstrates the lack of 𝐿 dependence, and
the reasonably good agreement between the histogram
of ED data and the toy model, made from Eq. (20)
and a simple box distribution for 𝛿 ∈ [−𝛿★; 0], with
𝛿★ = arccos

(
2
√
𝐶★

)
. As expected, not all the details of

the distributions are captured, but several very impor-
tant features are well explained by the model, such as
the strong skewness, the exponential tail, and the overall
values are quantitatively quite good.
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FIG. S4. Distribution of the Kullback-Leibler divergence
Eq. (15) for the cat states, selected as in Sec. III B 1. The
results for toy states are obtained assuming a uniform distri-
bution of 𝜃 between 𝜃★ and 𝜋/2 in the expression Eq. (16).

3. Histogram of N0 for standard MBL eigenstates

Here we provide an additional plot that shows how
the distribution 𝑃(N0) behaves for standard MBL eigen-
states. Introduced in Sec. IVB to analyze the number of
resonant spins, and discussed in Fig. 17 for cat states, it
was argued that N0 provides a good proxy for the num-
ber of fluctuating sites within cat pairs. Here we show in
Fig. S5 that by simply taking all adjacent eigenstates for
|Φ±⟩ in the computation of N0 defined in Eq. (29) (that
is, without applying the cat-state filtering algorithm), the
histogram is dominated by MBL eigenstates with local-
ized bits. As anticipated, 𝑃(N0) is strongly peaked at
even values with an overall gaussian envelope centered
around N0 = 𝐿/2. In this case, N0 does not have the
same interpretation as for cat-states.

2 4 6 8 10 12 14

0.01

0.1

1
h=10

h=20

P(𝖭
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𝖭0

L = 16 h = 10
h = 20

FIG. S5. Same as Fig. 17 of the main text, but here the data
(𝐿 = 16 and ℎ = 10, 20) are not restricted by the cat-state
filtering: all adjacent eigenstates are used in the computation
of N0, Eq. (29), and the the histogram, dominated by ℓ-bits
type MBL eigenstates is strongly peaked for even values with
an overall gaussian enveloppe centered around N0 = 𝐿/2.

4. Decay of cat state gaps

Here, we provide further information with respect to
the cat states spectroscopy discussed in Sec. IVA. Fig. S6
shows the results for the finite-size scalings of average
and typical cat-state gaps, accompanied by a detailed
comparison with the scaling of natural many-body level
spacings. The numerical data for average and typical
gaps are very well described by the following exponential
decay

Δ𝜖 (ℎ, 𝐿) = Δ0 exp

(
− 𝐿

𝜉sp (ℎ)

)
. (S3)

The many-body gap is very well described by a spectral
decay length 𝜉sp ≈ (ln 2)−1, see Fig. S6 (a) for both
average and typical decays. The average (open symbols)

almost perfectly follows ΔMB
𝜖 ≈ 1

NH
, for all values of ℎ.

The typical many-body gap (filled symbols), is always
smaller than the average, but also decays exponentially
with 𝜉sp ≈ (ln 2)−1, and with an amplitude Δ0 which
shows a (weak) ℎ-dependence, but remains O(1), see
panel (e).

The cat-state gaps, as already seen in the histograms
(Fig. 16), are significant smaller than their natural many-
body counterparts, and that is true for both average or
typical values, as clearly visible in Fig. S6 (b). However,
the exponential decays of the data, following Eq. (S3),
are best described by an almost ℎ-independent spectral
length 𝜉sp which is slightly larger than the natural length
(ln 2)−1, as shown in Figure. S6 (c), but with a prefactor
Δ0 (ℎ) which strongly depends on the disorder strength,
see Fig. S6 (d).
While both the typical and average cat gaps a priori

show a slower exponential decay than the natural level
spacing, this effect is largely offset by the much smaller
amplitude of the cat gaps, at least on the available sys-
tem sizes. However, we are not in a position to conclude
whether at very large sizes the natural gap will become
smaller than the cat states gap.



23

8 10 12 14 16 18

10
-6

10
-4

10
-2

h=2

h=4

h=6

h=8

h=10

8 10 12 14 16 18

10
-6

10
-4

10
-2

h=12

h=14

h=16

h=18

h=20

5 10 20 30
10

-3

10
-2

10
-1

Avg

Typ

1/h
1.65(10)

1/h
1.85(15)

5 10 20 30

2

2.5

3

Ma
ny

−b
od

yg
aps

ΔMB ϵ

Ca
t−

sta
te

gap
sΔ

CS ϵ

System size L System size L

Am
pli

tud
eΔ

MB 0
(h)

h

h

5 10 20 30
1

1.5

2

2.5
Avg xi cats

Typ xi Cats

Avg xi full

Typ xi full

len
gth

ξ sp
(h)

5 10 20 30
10

-3

10
-2

10
-1

Avg

Typ

1/h
1.65(10)

1/h
1.85(15)

5 10 20 30

2

2.5

3

h(a)

(b)

(ln 2)−1

∼ h−1.65(10)
∼ h−1.85(15)

(c)

(d)

(e)

Am
pli

tud
eΔ

CS 0(h)

Avg (Cats)Typ (Cats)Avg (All)Typ (All)

Avg

Typ

5 10 20 30
1

1.5

2

2.5
Avg xi cats

Typ xi Cats

Avg xi full

Typ xi full

h = 2
h = 4
h = 6
h = 8
h = 10

h = 12
h = 14
h = 16
h = 18
h = 20

25

Sec.XXX : Long-range resonances imply that a finite fraction of the spins are flipped and di!er between the two states

from which we form (by linear combination) the cat states: in short to form a many-body resonances at distance 𝐿/2,

of the order of 𝐿/2 need to be flipped. This is opposite to our finding that the cat states presented in Sec. XX can

readily be understood by a finite number of spin flips, namely 4, for most cast states carrying out a large correlation

at distance 𝐿/2. This discrepancy should be understood better.

[? ] (Long,2023) mostly focuses on the impact on dynamics of MB resonances. Predicts stretched exponentials for

dynamics which makes sense BUt find them numerically in a very limited range of disorder, as a matter of fact quite

in the ETH regime ... Thus not really related to our work. [? ] (Gopalakrishnan) introduced first mb resonances in

the MBL context, and that too many body resonances would destroy the MBL.

[23] (Villalonga Eigenstates hybridize) provides a microscopic study of resonances. Main finding is that at the

transition all resoanne ranges are equally likley (but it is dound to happen close to h=3.7 which is a very small value).

Their long-range resonances imply a large number of spin-flips, unlike ours.

[24] (Villalong characterizing) studies correlations through the use of mutual information. One part of the paper

is very similar to ours: it computes the probability 𝑀(𝑁) that an eigenstate hosts a long-range resonance (through

a mutual information between two spins at long distance being larger than a threshold 𝑁) as a function of disorder,

with a characteristic shape very similar to the one found for the probability (or weight) 𝑂 (𝑃 > 𝑃→). The maximum

of 𝑀(𝑁) is used as a measure of criticality. There is no study at large 𝑄 and the chains have obc.

[? ] (Kjall, resonances) also studies resonances in a microscopic model (albeit with no spin conservation) but does

not specifically focuses on long-range resonances.
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