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Quantum Nano-Electronics Part 4: 
Mesoscopic superconductivity 

Chapter 1: 
General concepts 1.1 Andreev reflection 



An incident electron is retro-reflected as a hole of opposite spin. 
Electron and reflected hole have a wave-vector mismatch: 
 
A Cooper pair (two electrons of opposite spin) is transmitted. 
 
NOT an electron-hole pair in N because e- is present before, h after. 
Two electron states occupation correlated: an Andreev pair. 

The Andreev reflection 
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At low energy, below the gap, no electron state in S. 

After diffusion over L, e and h are phase-shifted: 
x being the trajectory length = vF.L2/D. 
 
Phase difference is small: 
At a given position L, if energy ε is such that ε < Eth, 
Eth being the Thouless energy. 
 

At a given energy energy ε, if distance is less than Lε, 
which the energy-dependent coherent length. 

The Andreev reflection 
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1.2 BTK model 

BTK model 

Different possible process at a N-S interface: 
incident particle 0, 
Andreev reflection A, 
specular reflection B, 
transmission C, D. 
A(E)+B(E)+C(E)+D(E)=1 
 
Hypothesis of ballistic system. 
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1
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Transmission in the normal state parametrized with the interface parameter Z: 
 
 
 
Z = 0 corresponds to a transparent interface, large Z to the tunnel regime. 



BTK model 

 
Probability for every process can be calculated 
based on Bogoliubov-de Gennes equations + 
continuity equations. 
 
Probabilities depend on bias. 
 
Z = 0: A = 1 below the gap, C = 1 well above. 
 
Large Z: B = 1 below, mix of B and C above. 
 
 

BTK model 

I-V are directly related to coefficient transmissions. 
 
 
 
 
Andreev reflection carries two charges instead of one: 
Conductance doubled for Z = 0 below the gap. 
 
For large Z: 
one recovers the image of the S LDOS. 
Smearing related to Z, not to temperature. 
 
Here only the barrier conductance is considered. 
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Andreev reflection vs spin-polarization 

Polarization in a ferromagnet is defined: 
 
The conductance of a FN contact is: 
 
 

The majority spin has a probability    to be transmitted. 
 
 
 
 
The differential conductance at zero bias gives access 
to the spin polarisation. If P > ½, then GFS < GFN 

P =
N↑ −N↓
N↑+N↓

extent to which these s and d bands cross the
Fermi surface. If the orbital character at the
Fermi surface of a FM is primarily d-like,
then P will be high. If, however, the orbital
character is s-like or s-d–hybridized, then P
can be low or high depending on the details
of the electronic structure. The magnetization
of a material may show that all of the elec-
tronic spins associated with the d orbitals are
aligned but that P at EF can be depressed (2).
However, metallic oxide FMs, for example,
have a greater opportunity for high values of
P because of the predominance of d-orbital
character at EF.

Measuring P requires a spectroscopic
technique that can discriminate between the
spin-up and spin-down electrons near EF.
Spin-polarized photoemission spectroscopy
is technically capable of providing the most
direct measurement of P, but lacks the nec-
essary energy resolution (!1 meV) (3). An
effective alternative to photoemission is the
use of spin-polarized tunneling in a planar
junction geometry that does allow the elec-
tronic spectrum near EF to be probed with
submillielectron volt energy resolution. Ted-
row and Meservey (4) pioneered this tech-
nique by making FM-superconductor (SC)
tunnel junctions and Zeeman splitting the
SC’s strongly peaked single-particle excita-
tion spectrum by the application of a magnet-
ic field. The resulting spectrum of the SC
roughly corresponds to two fully spin-polar-
ized peaks (neglecting spin-orbit coupling ef-
fects) that can be used to detect P of a current
I from the FM film. The tunnel junction
technique has been successfully used to find
P for a number of magnetic metals. The
drawback of the technique is the constraint of
fabricating a layered device consisting of a
thin-film FM on top of a uniform oxide layer
10 to 20 Å thick that is formed on top of the
SC base. The need for a uniform oxide layer
is a severe limitation of the technique because
many interesting materials cannot be made
within this stringent constraint.

Accordingly, we have developed an ap-
proach to measuring P of a metal that re-
quires no magnetic field and places no special
constraints on a sample; thin films, single
crystals, and foils of several metals have been
successfully measured. In contrast to the tun-
nel junctions used by Tedrow and Meservey,

we form a metallic point contact between the
sample and a superconductor using a simple
mechanical adjustment. Unlike a tunnel junc-
tion, a metallic contact allows coherent two-
particle transfer at the interface between the
normal metal and the SC. The electronic
transport properties at the point contact mea-
sures the conversion between superconduct-
ing pairs and the single-particle charge carri-
ers of the metal.

The conversion of normal current to su-
percurrent at a metallic interface is called
Andreev reflection (5) and is a well-known
phenomenon in superconductivity. To under-
stand this process, consider Fig. 1A showing
an electron in a metal with P " 0 propagating
toward the interface. For the electron to enter
the superconducting condensate and proceed
as part of the supercurrent, it must be a
member of a pair. The other electron required
for the formation of the pair is obtained from
the metal, thus leaving behind a hole at the
interface. This hole has the opposite momen-
tum of the incident electron and propagates
away from the interface. The Andreev reflect-
ed holes act as a parallel conduction channel
to the initial electron current, doubling the
normal-state conductance Gn (where G "
dI/dV and V is the voltage) of the point
contact for applied voltages eV # $, where $
is the superconducting gap at the interface. In
an I-V measurement, the supercurrent conver-
sion appears as an excess current added to the
ohmic response at the interface. We illustrate
the effect experimentally in Fig. 1B for a
superconducting niobium (Nb) point pressed

into a Cu foil at a temperature of 1.6 K. At
low voltage the normalized conductance is
indeed twice that of the normal state, and an
excess current of !0.2 mA is present.

The probes for this study were fabricated
by mechanically polishing SC rods of super-
conducting material [Nb and tantalum (Ta)]
to a sharp point with progressively finer sand-
paper. Examination of the sharpened points
with a scanning electron microscope indicat-
ed that all were roughly cone shaped and
tapered to a rounded end with an approximate
radius of 100 %m. However, the extreme
portion of the tips was studded with several
protrusions that were 1 %m or smaller and
likely formed the actual point contact. Posi-
tioning and adjustment of the point contact
was achieved by simple mechanical means.
The tip was attached to a drive shaft vertical-
ly positioned above the sample material. The
shaft was driven by a micrometer mechanism
capable of moving the point linearly by 100
%m per revolution. All of the transport mea-
surements were made with a conventional
four-terminal arrangement while the point
contact and sample were immersed in a liquid
He bath at either 4.2 or 1.6 K. The dI/dV data
in this study were obtained by standard ac
lock-in techniques at a frequency of 2 kHz.

To understand the effect of P on the An-
dreev reflection process, consider Fig. 1A
again. Because a superconducting pair is
composed of a spin-up and spin-down elec-
tron, an incident spin-up electron in the metal
requires a spin-down electron to be removed
from the metal as well for conversion to
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Fig. 1. Supercurrent conversion at the superconductor-metal interface for spin polarizations of P "
0 and P3 100%. (A) Schematic of the process for P " 0 when the Andreev reflection is unhindered
by a spin minority population at EF. The solid circles denote electrons and open circles denote holes.
(B) Experimental measurement of the I-V and differential conductance dI/dV at T " 1.6 K via a
superconducting Nb point contact on Cu. The vertical lines denote the bulk gap of Nb: $(T " 0)
" 1.5 meV. The dashed line is the normal state I-V for a conductance of Gn " 0.194 ohm&1.
(C) Schematic of process for P3 100% when there is no supercurrent conversion at the interface.
(D) Experimental I-V and dI/dV at T " 1.6 K via the Nb point contact on CrO2. The dashed line is
the normal state I-V for a conductance of Gn " 0.417 ohm&1.
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Measuring spin polarization 

Point contact Andreev Reflection (PCAR): a wire of a given material pressed 
against a superconducting film.  
 
Depending on the material, 
the conductance ratio varies  
from about 2 to almost zero. 
 
 
 
 
 
 
 
R. J. Soulen et al, Science 282, 85 (1998). 

supercurrent. The removal of the spin-down
electron leaves a spin-up hole that is Andreev
reflected back into the metal. Note that the
spin-up hole is the absence of a spin-down
electron and so by convention is in the spin-
down density of states (DOS) as shown in
Fig. 1A. Tracking the spin during Andreev
reflection shows that the process is a coherent
interspin-subband transfer that is sensitive to
the relative electronic spin DOS or P at EF. If
P ! 0, then the Andreev reflection is unhin-
dered by a lack of spin minority carriers for
the formation of pairs to enter a supercurrent.
However, if P ! 100% near EF, as depicted
in Fig. 1C, then there are no spin-down states
in the metal to provide the other member of
the superconducting pair for Andreev reflec-
tion. Supercurrent conversion via Andreev
reflection at the interface is effectively
blocked, allowing only single-particle excita-
tions to contribute to the conductance. These
single-particle states necessarily see the gap
in the energy spectrum of the SC, thus sup-
pressing the conductance G for eV " #.

In Fig. 1D a superconducting Nb point
contact is used on an epitaxial film of CrO2

deposited on an oriented TiO2 substrate (6).
Experimental (7) and theoretical (8) works
have suggested that CrO2 is a half-metallic
FM expected to have P ! 100% at EF. Our
results directly confirm this expectation be-
cause nearly all of the Andreev reflection has
been suppressed, implying almost full spin
polarization.

For the cases P ! 0 and P ! 100%, the
definition of P is not critical. However, for
intermediate spin polarizations more careful
consideration must be given to the nature of
the experiment. The spin polarization P as
written in Eq. 1 is nearly impossible to obtain
in a transport experiment, yet transport is
really the only means to obtain the needed
energy resolution. The results of Tedrow and
Meservey for P are more accurately de-
scribed as a tunneling polarization,

PT !
N1$EF)T1

2 % N2(EF)T2
2

N1(EF)T1
2 & N2(EF)T2

2 (2)

where T1 and T2 are spin-dependent tunneling
matrix elements. These matrix elements are
determined by wave function overlap at the
interface and should generally differ for the
spin-up and spin-down bands (9). For the point
contact measurements reported here (with neg-
ligible interfacial scattering) we measure a con-
tact polarization,

PC !
N1$EF)'F1 % N2(EF)'F2

N1(EF)'F1 & N2(EF)'F2
(3)

where vF( is the Fermi velocity of the respec-
tive band. The appearance of vF( in this
expression is expected for a point contact
(10) and leads to the observation

PC !
I1 % I2
I1 & I2

(4)

because I( ) vF(N((EF). These different but
related values for P will be distinguished
when necessary hereafter. The point contact
technique can measure P of currents charac-
teristic of ballistic transport in the bulk ma-
terial when interfacial scattering in the point
contact is minimal as achieved in this study.
From the standpoint of understanding spin-
polarized transport and magnetoelectronics in
nanostructures, determination of the PC is
more relevant than P of the density of states.

To understand the dI/dV curves in more
detail requires a model for Andreev reflection
in the presence of a spin-polarized metal. We
have developed such a theoretical framework
for analyzing the data and extracting PC by
adapting the Blonder-Tinkham-Klapwijk
(BTK) theory for conventional Andreev re-
flection (PC ! 0) (11) to the case for spin-
polarized materials (PC * 0). The BTK the-
ory allows the inclusion of interfacial scatter-
ing at the point contact through a parameter Z
governed by the ratio of a scattering potential
and the Fermi velocity. A ballistic point con-
tact with no scattering has Z ! 0, whereas a
tunnel junction corresponds to the limit Z3
+. As Z increases, Andreev reflection at low
voltages is suppressed and the characteristic
spikes of a tunnel junction develop at eV !
,#. Determining if Z is present is straight-

forward because the conductance peaks that
develop at the gap edges are sensitive to the
increase in Z at low temperatures T. This
study will focus on those point contact con-
figurations where Z is small. For our purpos-
es consider the decomposition of the current
through the point contact into

I ! I1 " I2 ! 2I2 " $I1 # I2-

! Iunpol " Ipol

where the unpolarized current, Iunpol, carries no
net P and obeys the conventional BTK theory.
The remaining current, Ipol, carries all of P and
as such is entirely a quasiparticle current (be-
cause supercurrent can carry no net polariza-
tion). This current can be calculated by allow-
ing only non-Andreev processes at the point
contact. Within the BTK theory this procedure
amounts to setting the Andreev coefficient,
A(E), to zero and renormalizing all of the re-
maining processes to 1 for current conservation.
PC can be extracted from the dI/dV curves by
noting that

d
dV

I$V,T; PC, Z) !

(1% PC)
d

dV
Iunpol(V, T; Z)

" PC

d
dV

Ipol(V, T; Z) (5)

If the interfacial scattering is minimal (Z .
0), then for eV "" # and kBT "" # (where kB

is Boltzmann’s constant) the term

1
Gn

d
dV

Iunpol ! 2 and
d

dV
Ipol ! 0

to yield

1
Gn

dI
dV

$eV 3 0,T 3 0; PC, Z ! 0)

! 2$1 # PC) (6)

a result anticipated by de Jong and Beenakker
(12) in this extreme limit. Under these restric-
tions, obtaining PC is straightforward from
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Fig. 2. The differential con-
ductance for several spin-
polarized metals showing
the suppression of Andreev
reflection with increasing
PC. The vertical lines de-
note the bulk gap of Nb:
#(T ! 0) ! 1.5 meV.

Fig. 3. The differential conductance for a Fe-Ta
configuration where Fe is the sample and Ta
the point and vice versa. The spin polarization
for the Fe (PC ! 43%) is nearly the same in
either configuration. Note that #(T ! 0) ! 0.7
meV for Ta.
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Chapter 2: 
Superconducting proximity effect 2.1 Usadel equations 
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Usadel equations 

A. Golubov et al., J. of Low Temp. Phys. 61, 83 (1998); W. Belzig et al., Phys. Rev. B 54, 9443 
(1996)  

Andreev pairs induced in the normal metal create superconducting-like 
properties. 
The elastic mean free path is shorter than every other characteristic length. 
A diffusion eq. describes the spatial dependence of the Andreev pairs density. 
 
 
 
Complex proximity angle: 
 
With no phase gradient and zero magnetic field: 
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F ε,x( ) = −i sinθ

Usadel equations 
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ν(ε,x) = ν0 cosθ1 coshθ2

Usadel equations gives access to every physical quantity. 
 
Pair amplitude: 
 
Local Density Of States: 
 
Local conductivity enhancement: 
 
 

Boundary conditions: 

at infinity in N: 

at infinity in S:      gives the BCS DOS. 

 
 
In 1D, in the absence of phase gradient and magnetic field, one obtains: 
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Usadel equations: a simple case 

Consider a simple N-S junction, 
No inverse proximity effect:     verified at the interface x = 0. 
 
Linear approximation: 
 
Simplified eq.: 
 
In this case this same equation holds for the pair amplitude F. 
 
Boundary condition at low energy: 
 
Solution in the regime   :  
 
Decay lengh given by Lε. 
In the general case, a finite τϕ adds an exponential cut-off at a distance Lϕ. 
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The N-S junction 

Solution in the regime   :  
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2.2 The spectral conductance and the 
re-entrance effect 

The spectral conductance 

The proximity effect modifies the conductance. 
One can view the effect as a local conductivity enhancement. 
 
 
 
Spectral conductance: depends on electron energy. 
 
 
Spectral conductance: 
 
 
As θ2 is non-monotonous, g(ε) has a maximum as a function of energy. 
Location determined by the Thouless energy. 
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The spectral conductance 

Spectral conductance can be measured as the zero-temperature differential 
conductance: 
 
 
The zero-bias conductance varies with temperature:   
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df
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Re-entrance effect 

Conductance maximum at 
eV, kBT ≈ ETh = 12 µV, 140 mK 

400 nm 

I+ I- 

V+ V- 

Al 

Cu 

P. Charlat, H. Courtois, P. Gandit,  
A. Volkov, D. Mailly and B. Pannetier, 
Phys. Rev. Lett. 77, 4950 (1996) 

LPN
 Bagneux 

2.3 Long-range coherence 
of Andreev pairs 

Long range coherence of Andreev pairs 

Consider Usadel equation at zero energy: 
 
 
 
 
Decay of Andreev pairs density only on a length scale Lϕ. 
 
At a distance L, Andreev pairs with an energy below the Thouless energy ETh 
remain coherent. 
 
To be compared with the energy distribution width kBT of electrons 
participating to transport. 
 
The fraction of coherent Andreev pairs is then  
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Long range coherence of Andreev pairs Long range coherence of Andreev pairs 

H. Courtois et al, Phys. Rev. Lett. 76(1), 130 (1996). 

Magnetoresistance 
oscillations amplitude 
decay as 1/T ! 
 
Proof for long-range 
coherence of Andreev 
pairs.  

2.4 The LDOS 

Samples for LDOS measurement 

Au Au 

    Nb 

Au 

tip 

Ln = 10 to 260 nm Au Au   Au 

>> ξs 

3 mm 

100 mK STM image 
(Ln = 72 nm sample) 

410 x 410 nm2 
Rt = 10 MΩ 
rms roughness 3.4 nm 

From transport measurements : 
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ξn =
Dn
2Δ

= 60.8nm

le,s = 5.4 nm 

le,n = 36.1 nm 

Geometry : 
 
 
 
 
 

 



The proximity LDOS 

Mini-gap scales with the 
Thouless energy. 
 
Structure (max or min) at ∆ for 
every Ln 
 

 
Non-zero LDOS at the Fermi 
level for large Ln (not a 
ballistic effect) + Subgap 
structures 

A. K. Gupta et al, Phys. Rev. B, 69, 104514 (2004). 

Chapter 3: 
Electronic thermometry and cooling 

3.1 Electronic thermometry eV 2Δ 

E 

I N S 

It 

Charge current in a N-I-S tunnel junction 
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Only electrons above the gap can tunnel. 
IV step rounded by temperature.  
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Charge current in a N-I-S tunnel junction 
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The energy gap induces an energy-selective tunneling. 
Charge current (antisymmetric in bias): 
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A N-I-S junction as a thermometer (1) 
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Consider TS small, TN to be measured, 

Sub-gap current: 

fN 

fS   

€ 

eV < Δ ≈ E

A N-I-S junction as a thermometer (2) 

The sub-gap current depends 
strongly on V and T. 
 
Usual mode: fixed bias current, 
voltage drop measured. 
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M. Nahum and J. Martinis, Appl. Phys. 
Lett. 63, 3075 (1993). 

Ibias 

Application of N-I-S junction thermometry 

ISNS 

iSINIS vSINIS VSNS 

0.5 µm 

L = 1.5 µm, w = 0.17 µm, t = 30 nm 
RN = 10 Ω : D = 100 cm2/s, le = 22 nm 
Thouless energy εc = 28 mK = 2.4 µeV 
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The SINIS  thermometer calibration 

I(V) of the double N-I-S junction at thermal equilibrium. 

Calibration at a fixed current bias: no saturation down to 40 mK. 

 

 

 

 

 

 

 

Hypothesis of quasi-equilibrium in the N metal: Te can be defined. 

vSINIS (mV) 

I(V) and electron temperature 

N S 

S 
I S 

S 
I Ic 

I(V) and electron temperature 

The electron thermometer 
correlates to switching. 

 

thermal origin of the 
hysteresis. Te up to 0.6 K ! 
 
H. Courtois, M. Meschke, J. T. 
Peltonen, and J. P. Pekola, PRL 101, 
067002 (2008). 
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3.2: Electron cooling 
in a S-I-N-I-S junction 
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Only electrons above the gap can tunnel. 
IV step rounded by temperature.  
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reached at 
 
 
 
Max cooling power at: 
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The S-I-N-I-S geometry 

Two cooling junctions in series: 
double cooling power + good thermal insulation of cooled metal. 
 
 
 
 
 
 
 
 
 
 
 
 
Plus two thermometer junctions for independent probing. 
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Icooler 

Thermometer junctions 

Ithermometer (small) 

Cooler 
junctions 

Electronic cooling and thermometry 

Cooling from 300 mK down 
to 100 mK can be achieved 
in a S-I-N-I-S geometry. 

 

Above the gap: qp injection 
and heating 

J. Pekola, T.T. Heikkila, A. M. Savin, J.T. 
Flyktman, F. Giazotto, F.W.J. Hekking, 
Phys. Rev. Lett. 92, 056804 (2004): 
Helsinki. 
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The S-I-N-I-S samples 

Cooler: weakly coupled to 
pads, strong cooling, Rt 
about 1 kΩ. 

Probe: metal strongly 
thermalized, no cooling. 

N
an

of
ab

, I
ns

tit
ut

 N
ée

l, 
C

N
R

S
 &

 U
JF

 

P
ro

be
 

Cooler 
S = Al N = Cu I I S 

Al-AlOx-Cu tunnel junctions: high stability and good reproducibility. 

Al behaves as a perfect BCS superconductor. 

No electron thermometer. 
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The differential conductance 

Tbase = 320 mK 
 
High resolution 
measurement 
(log scale) 
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Probe follows isothermal 
prediction at Tbase. 
 
 
 
 
Cooler behaves differently 



Extraction of the electron temperature 
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Inelastic scattering 
strong enough to define 
an electron temperature. 
 
Superposition of exp. 
data with theoretical I-V 
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Determination of the bias-
dependent electron temperature 
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The thermal model 

  

€ 

Pcool V( ) =
1

eRn
E−eV( )NS E( ) fS E( ) − fN E+ eV( )[ ]dE

−∞

+∞

∫

  

€ 

Pe−ph = ΣU Tph
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PK = KA Tbath
4 −Tph

4( )

N electrons, Te S, Tbath S, Tbath 

N phonons, Tph 

Substrate phonons, Tbath 

Power flow from N electrons to the S electrodes remaining at bath temperature 

Electron - phonon coupling 

Kapitza thermal coupling 

N phonons can be cooled 

The phonon temperature 

Two free fit parameters: 

Σ = 2 nW.µm-3.K-5 

KA = 66 pW.K-4 

 

Determination of both 
electron (Te) and phonon 
(Tph) temperature. 

 

Phonons cool down by 
about 50 mK. 
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S. Rajauria, P. S. Luo, T. Fournier, F. W. J. Hekking, H. Courtois, and B. Pannetier, Phys. Rev. Lett. 99, 
047004 (2007). 
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Applications 

 

A NTD bolometer is cooled from 320 mK down to 225 mK. 



Cooling efficiency 

Dissipated power (by the bias source) in the superconductor : I.V 
 
Cooling power in the normal metal :  
 
At the optimum bias, thermal qp overcome the gap : 
 
 
Efficiency    
 
 
∆ = 1.76 kB Tc; Tc = 1.3 K; Te = 0.1 K   η = 4 % 

  
 
Rather low efficiency at low temperature, 
Energy dissipation in the superconductor is a major issue. 
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