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Chapter 1: 
Single electronics 1.1 Charging 



A note on capacitance 
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Qi = CijVj
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A given conductor is at a given potential. 
Charges and potentials are related 
through a capacitance matrix: 
 
 
 
 
 
 
 
 
 
 
 
Energy of the system: 
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C01+ C12 + C13 −C12 −C13
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= zero potential 

Practical capacitances 
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C = ε0εr
S
d

Parallel plates: 
 
 
Concentric spheres: 
 
 
Ex: 1 cm radius gives 0.1 pF, 1 µm gives 0.1 fF (10-15), 10 nm gives 1 aF (10-18) 
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C = ε0εr
4πr1r2
r2 − r1

≈ ε0εr 4πr1 if r1 << r2

A large electrostatic energy change 

Consider the electron box configuration: 
 
 
 
 
 
 
The electro-static energy changes when one electron is added to the grain. 
Total capacitance CΣ = C + Cg 
 
 
 
 
 
One needs Ec > kBT in order to observe single-electron effects. 
With 1 aF, one obtains Ec = 80 meV > kBT at ambiant temperature (25 meV). 
With 1 pF, one obtains Ec = 80 µeV > kBT at 0.3 K. 
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Ec =
e2

2CΣ

Symbol for a 
tunnel junction 

RT, C 
Cg 

C02 U 

A significant tunnel junction resistance  

Consider the electron box configuration: 
 
 
 
 
 
 
The lifetime of a charge state is the discharge time for the capacitor: 
 
Width of discrete levels due to charge quantization in the grain: 
 
 

For charge discreteness to be observable, one needs: 
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τ = RTC
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δ =
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τ
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RTC
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δ < Ec ≈
e2

2C     
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RT > RK =


e2
= 25.8 kΩ

Symbol for a 
tunnel junction 

RT, C 
Cg 

C02 U 



1.2 The single electron box 

Electrostatic energy in an electron box 

Consider the electron box configuration: 
 
 
 
 
 
 
 
Capacitance matrix: 
 
 
 
Electrostatic energy of the box: 
 
 

the box, potential V1 

potential V2 = U 
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CΣ = C + Cg
Q = CΣV1
Qg = CgU
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C =

C + C02 −C −C02
−C C + Cg −Cg
−C02 −Cg Cg + C02
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Symbol for a 
tunnel junction 

RT, C 
Cg 

C02 U 
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potential V0 = 0 

We define 

Electrostatic energy in an electron box 

Consider the electron box configuration: 
 
 
 
 
 
 
Substitute for charges, complete the square: 
 

+ terms independent of Q related to work done by the source 
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CΣ = C + Cg
Q = CΣV1
Qg = CgU

the box, potential V1 

potential V2 = U 

Symbol for a 
tunnel junction 

RT, C 
Cg 

C02 U 

E =
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We define 

potential V0 = 0 

Energy parabolas 

Electrostatic energy as a function of gate charge for various Q = - ne 
Gate charge is a continuous variable, Q a quantized one. 

Qg 

E 

Q=0 Q=1 Q=-1 Q=-2 Q=2 



Charge in the fundamental state 

Charge state defined by the minimum energy: the Coulomb staircase. 
Island charge is a step function of the gate voltage. 
Valid at T = 0. 

<n> 

Qg 

Effect of temperature 

At thermal equilibrium, Boltzmann distribution: 
 
 
 
 
 
 
 
 
depends on the parameter 
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Charge in the fundamental state 

The staircase is smeared by temperature. 

<n> 

Qg 
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θ =
kT

e2 CΣ

1.4 Practical implementation 



Low temperatures 

Temperature of 4.2 K reached with a liquid He bath in 
equilibrium with its vapor, 1 K with pumping, 0.25 K same 
thing with pure He3. 

Temperature down to about 
0.02 K = 20 mK with mixture 
of He3 and He4: dilution 
refrigerator. 

Angle evaporation technique 

Bilayer of resist with the bottom layer more sensitive, bridges can be realized. 
 
 
 
 
 
 
Directive evaporation under different angles: 

e- 

θ �θ Overlap = junction 

An oxidation can be realized between the two depositions: tunnel junction 

Si 

Bottom resist 

A typical sample 
Al oxide preferred: reliable, reproducible, despite amorphous nature. 

Complex devices 
can be build. 

A fact of nature 
Device connected through rather long wires: 1-2 meters if low T. 
At high frequency, wires must be regarded as transmission lines. 

Impedance close to the vacuum characteristic impedance Z0.  
 
 
 
 
 
Fact of Nature: free space impedance much lower than Quantum resistance. 
 
 
 
Fine structure constant: 
 
The free space effectively shunts the tunnel junction. 
Need to have a highly resistive element close to the device: a resistor or 
another tunnel junction. Very close: distance less than photon wavelength. 
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≈ 376 Ω
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FIG. 3. 1(V) curves for the SNS electrometer at T =25 mK,
and zero magnetic field, for three values of the gate voltage Uo
corresponding to maximum, intermediate, and minimum gap.
The minimum gap corresponds to the bare superconducting gap
2h of two NS junctions in series. The dot indicates the optimal
bias point for maximum sensitivity. Inset: 1(V) curve for a sin-
gle SN junction under the same conditions.

C,Uie
FIG. 4. Variations of the average value n of the number of

extra electrons in the box as a function of the polarization
C,U/e, at T =25 mK. Trace iV: normal island. Trace 5: super-
conducting island. For clarity, trace S has been oAset vertically
by 4 units.

calculations of the box parameters which gave C~
=0.2+ 0.05 fF, C, =25+ 5 aF, and C, =11~2aF. The
experiments were done with the sample mounted in a
shielded copper box thermally anchored to the mixing
chamber of a dilution refrigerator. All voltage and
current lines were carefully filtered [14]. When neces-
sary, the sample was put in its normal state by a 1 T
magnetic field produced by a superconducting coil.
To perform the measurements of n vs U the bias and

gate voltages V and Uo of the electrometer were first ad-
justed to maximize r)I/BUo (dot in Fig. 3). The electrom-
eter current I was then recorded as a function of U. The
resulting sawtooth signal is a measurement, apart from a
gain factor, of the second term of Eq. (I ). We obtained n
by adding to this sawtooth signal a linear term whose
coemcient was adjusted to null out the slope of the teeth.
In Fig. 4 we show the measured equilibrium value n as a
function of the polarization C,U/e for the sample in both
the normal and the superconducting state, at 20 mK.
The even-odd symmetry of the steps in the normal state is
clearly broken in the superconducting state. Note that
the middle of the steps in the superconducting state coin-
cides with the middle of the steps in the normal state, as
predicted by theory [see Figs. 2(b) and 2(d)] in the case
D(T) & E,. Our previous experiments on a box with an
SS junction never showed any even-odd asymmetry [5].
We believe that this was due to the presence of a few
long-lived, out-of-equilibrium quasiparticles which in the
present experiment are "purged" by the normal metal
lead.
Because of the unavoidable electrostatic cross talk be-

tween the U voltage and the electrometer island, which
was only partially corrected for in our setup, the gain of
the electrometer depends on the U voltage. This leads to
the noticeable step height variations as U departs from

zero. Nevertheless, these vertical scale distortions do not
aAect the conclusions we draw from our data, which are
based only on the length of the steps along the horizontal
axis. The scaling factor used for this axis corresponds to
C, =21 ~0.5 aF, in good agreement with our numerical
estimates. When the temperature was increased the steps
became gradually rounded (data not shown). From a fit
of the temperature dependence of the data in the normal
state using Eq. (I ) we obtained a direct measurement of
C~=0.20~0.05 fF, also in good agreement with our nu-
merical estimates.
%'e have measured the odd-even step length ratio p as

a function of temperature, thereby obtaining D(T)/E, .
The experimental results are shown in Fig. 5 together
with the theoretical predictions in the case of a continu-
ous BCS density of states (dashed line). Since N~ is
known from the sample dimensions, the only adjustable
parameters are Cq' =0.19 fF and d, "'/e =195 pV. The
parameter C~' is in the error range of C~ while the uncer-
tainty range for h. "' is adjacent to the error range of 6 de-
duced from the electrometer 1(V). Apart from this
minor discrepancy which may be due to the fact that the
island, contrary to the S leads of the electrometer, is not
covered by a normal layer, there is good agreement be-
tween theory and experiment for temperatures higher
than 50 mK. At lower temperatures, the data deviate
significantly from theory, in a manner which could be ex-
plained by a failure of the box to follow the temperature
of the thermometer. However, we find this explanation
unlikely. In a previous run on a NN box with parameters
adapted to calibration purposes, the staircase sharpness
precisely followed the temperature down to 35 mK, A
more likely explanation is that the density of states of the
island may not be a strictly smooth BCS one. To illus-
trate this point, we show in Fig. 5 a complete fit of the
data (full line) using a minimal model: In addition to the
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which p(e) is nonzero. In this limit, p(T) can be evalu-
ated analytically for mathematically simple p. If we
assume a continuous BCS density of states, p(T)
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FIG. 2. Ground-state energy of the box in the (a) normal
and (c) superconducting states as a function of the polarization
C,U/e, for several values of the excess number n of electrons in
the island. E, is the electrostatic energy of one excess electron
on the island for U =0. In an ideal superconductor, the
minimum energy for odd n is 5 above the minimum energy for
even n. The dots correspond to level crossings where single elec-
tron tunneling is possible. Equilibrium value 1nl vs C,U/e is
shown in the (b) normal and (d) superconducting states, at
T =0.

(n)= +C U Cz 8 pE, (n —c,v—/e)2'+nee CPe t)U, ,
where P= I/k~T and where Z„ is the partition function
of the island with n excess electrons. We now follow Ref.
[4]: We assume Fermi statistics for the quasiparticle ex-
citations of this isolated system and we set the parity of
the number of quasiparticles equal to the parity of n.
We get Z„=[Z++(—1)"Z—]/2, with Z+- =+q [1
~exp( —Pe&)], where q denotes a generic quasiparticle
state with energy t.~.
At temperatures such that k~T&&E„ the (n) vs U

staircase is just slightly rounded. The length of the steps
is now defined from the values of U where (n) is a half in-
teger and Do in the expression of the odd-even step length
ratio is now replaced by D(T) =V~ —Po, the difference
between the free energies 7„=—k~TlnZ„of the island
with an odd and an even number of electrons [9]. Intro-
ducing the transform p(T) =fo p(e) in[coth(Pe/2)]de/2
of p(e), the density of quasiparticle states, one can ex-
press D(T) = —k8Tln[tanhp(T)]. We now suppose that
exp( —e;„/kaT) « I, where e;„ is the lowest energy for

Neff(T) =No(2xka T/5) +O[(T/6) ]
is the eAective number of quasiparticle states available
for excitation [10] and where No=p~N~/). , p~ being the
normal density of states at the Fermi energy per atom
and N~ the number of atoms in the island. Because
lnN, ~ depends weakly on the sample parameters and on
temperature, D(T) is approximately given at tempera-
tures such that Noexp( 5/kgT—)«1 by h(1 —T/Tp),
with Tp=k/(kii lnNo) in the range 200-300 mK for real-
istic Al islands. More generally, if there is inside the gap
discrete quasiparticle states with energies eq. and de-
generacies g~„ they each contribute to p(T) by
g~, exp( —Pe~, ). Their effect is to reduce D(T), which is
given in the limit T=0 by D(T) =eq, —kBTIngz, , where
qo is the lowest discrete quasiparticle state. Finally, we
must point out that the 2e-periodic behavior of the SN
box is similar to the 2e periodicity which has been ob-
served for the current through the SSS [4,11] and NSN
[12] Coulomb blockade electrometers as a function of the
charge induced on the gate. However, note that when
D(T) &E„ the box experiment, in contrast with the
transport experiments on Coulomb blockade electrome-
ters, gives access to the ratio D(T)/E, and not simply to
the temperature at which it vanishes.
The sample was fabricated using e-beam lithography

and double-angle e-beam evaporation through a suspend-
ed mask [13]. First we deposited a 30 nm thick alumi-
num film to form the superconducting island of the box,
with lateral dimensions 2.2 pm&0. 1 pm, as well as the
leads of the electrometer. This first layer was then oxi-
dized in 300 Pa of oxygen for 15 min at room tempera-
ture. A 50 nm thick layer of Cu alloyed with 3% by
weight of Al was then deposited to form the normal lead
connected to the box and the island of the electrometer.
The two nominally identical junctions of the electrometer
had an area of —8x10 pm, and were much larger
than the box junction. The suspended mask was designed
so that there was no overlap of the Al island of the box
with its Cu-Al copy, which is inherent to the double evap-
oration technique. The current-voltage curve (inset of
Fig. 3) of a single junction fabricated with the same tech-
nique showed a sharp current rise at 6/e =180~ 10 pV,
with the square-root voltage dependence characteristic of
NS junctions. Figure 3 shows a current-voltage charac-
teristic of the electrometer: When the gate charge is ad-
justed so as to suppress Coulomb blockade for positive
voltage, the sharp current rise at 2A/e =360+ 10 pV in-
dicates that the electrometer consists indeed of two NS
junctions in series. Detailed analysis of these 1(V) curves
yielded the capacitance parameters of the electrometer.
They served as calibrations for numerical electrostatic
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Measurement of the Even-Odd Free-Energy Di8'erence of an Isolated Superconductor

P. Lafarge, P. soyez, D. Esteve, C. Urbina; and M. H. Devoret
Service de Physique de I'Etat Condense, Commissariat a I'Energie Atomique Sac!ay, 9I I9l, Gif sur-Yv-ette, France

(Received 16 November 1992)
We have measured the diAerence between the free energies of an isolated superconducting electrode

with odd and even number of electrons using a Coulomb blockade electrometer. The decrease of this en-
ergy diAerence with increasing temperature is in good agreement with theoretical predictions assuming a
BCS density of quasiparticle states, except at the lowest temperatures where the results indicate the
presence of an extra energy level inside the gap.

PACS numbers: 74.50.+r, 73.40.Rw, 74.25.Bt

The key concept of the Bardeen-Cooper-SchrieAer
(BCS) theory of superconductivity [I] is the pairing of
electrons. A surprising feature of the theory appears
when one considers a macroscopic piece of superconduct-
ing metal with a fixed number of electrons N. If N is
even, all the electrons can condense in the ground state.
If N is odd, however, one electron should remain as a
quasiparticle excitation. In principle, if one would mea-
sure the energy required to add one electron to the super-
conductor, there should be a diff'erence between the cases
of even and odd N. This fundamental even-odd asym-
metry, which might vanish due to sample imperfections
[2], does not manifest itself in conventional experiments
on superconductors because these experiments are only
sensitive to a finite fraction of quasiparticles. In this
Letter, we report a new experiment based on single-
electron tunneling [3] with which we measured the even-
odd free energy diAerence introduced by Tuominen et al.
[4].
Consider a superconducting-normal (SN) tunnel junc-

tion in series with a voltage source U and a capacitor C,
(see Fig. I), a basic Coulomb blockade circuit whose
normal-normal junction version has been nicknamed the
electron "box" [5,6]. The superconducting electrode
which is common to both the junction and the capacitor is
surrounded everywhere by insulating material. When the
junction tunnel resistance R, is such that R, ))Rz =h/e,
the number n of excess electrons on this "island" is a
good quantum number [3,7]. The n-dependent part of
the ground-state energy of the circuit, including the work
done by the source U, is given by E„=E,(n —C,U/e)
+8„,where E, =e /2C& is the electrostatic energy of one
excess electron on the island, C~ the total capacitance of
the island, and 8„ is the nonelectrostatic part of the ener-
gy of the island. For a normal island 6'„=0 [Fig. 2(a)],
whereas for a superconducting island, one has D„=Dop„
where Do is the energy diAerence between the odd-n and
even-n island ground states, and p„=n mod2 [Fig. 2(c)].
The BCS theory yields Do=6, where 4, is the supercon-
ducting gap of the island. In equilibrium at zero temper-
ature, n will be determined by the lowest E„and is there-
fore given by a staircase function of U [Figs. 2(b) and
2(d)]. In the normal case, the steps are of equal size,

whereas in the superconducting case even-n steps are
longer than odd-n steps. For Do& E„ the odd-n steps
disappear, while for Do~ F„ the ratio p between the
length of the odd- and even-n steps is related to Do
through Do/E, =(1—p)/(I +p). Thus, from a measure-
ment of the equilibrium value of n as a function of U,
which can be done by weakly coupling the island to a
Coulomb blockade electrometer [5,6,8], as shown in Fig.
1, one can in principle infer the value of Do.
In practice, the measurements are performed at finite

temperature and the current in the electrometer is direct-
ly related to n, the temporal average of n which we sup-
pose equal to (n), the thermal ensemble average of n.
The above analysis must be refined to take into account
the thermal population of all the possible states of the cir-
cuit. These states are characterized not only by the num-
ber n of excess electrons in the island, but also by the
filling factors of the various quasiparticle states of the is-
land. One finds that the average value of n is given by
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FIG. 1. Circuit diagram of the experiment. The rectangular
symbols represent SN tunnel junctions. The V-shaped marks
denote superconducting electrodes. The symbol n denotes the
number of electrons in the island of the box (marked by a full
dot). The variations of its average n with the voltage U are
detected by monitoring the current I through the SNS elec-
trometer which is coupled to the box through the capacitor C, .
The bias voltage V and the gate voltage Uo set the working
point of the electrometer.
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FIG. 3. 1(V) curves for the SNS electrometer at T =25 mK,
and zero magnetic field, for three values of the gate voltage Uo
corresponding to maximum, intermediate, and minimum gap.
The minimum gap corresponds to the bare superconducting gap
2h of two NS junctions in series. The dot indicates the optimal
bias point for maximum sensitivity. Inset: 1(V) curve for a sin-
gle SN junction under the same conditions.

C,Uie
FIG. 4. Variations of the average value n of the number of

extra electrons in the box as a function of the polarization
C,U/e, at T =25 mK. Trace iV: normal island. Trace 5: super-
conducting island. For clarity, trace S has been oAset vertically
by 4 units.

calculations of the box parameters which gave C~
=0.2+ 0.05 fF, C, =25+ 5 aF, and C, =11~2aF. The
experiments were done with the sample mounted in a
shielded copper box thermally anchored to the mixing
chamber of a dilution refrigerator. All voltage and
current lines were carefully filtered [14]. When neces-
sary, the sample was put in its normal state by a 1 T
magnetic field produced by a superconducting coil.
To perform the measurements of n vs U the bias and

gate voltages V and Uo of the electrometer were first ad-
justed to maximize r)I/BUo (dot in Fig. 3). The electrom-
eter current I was then recorded as a function of U. The
resulting sawtooth signal is a measurement, apart from a
gain factor, of the second term of Eq. (I ). We obtained n
by adding to this sawtooth signal a linear term whose
coemcient was adjusted to null out the slope of the teeth.
In Fig. 4 we show the measured equilibrium value n as a
function of the polarization C,U/e for the sample in both
the normal and the superconducting state, at 20 mK.
The even-odd symmetry of the steps in the normal state is
clearly broken in the superconducting state. Note that
the middle of the steps in the superconducting state coin-
cides with the middle of the steps in the normal state, as
predicted by theory [see Figs. 2(b) and 2(d)] in the case
D(T) & E,. Our previous experiments on a box with an
SS junction never showed any even-odd asymmetry [5].
We believe that this was due to the presence of a few
long-lived, out-of-equilibrium quasiparticles which in the
present experiment are "purged" by the normal metal
lead.
Because of the unavoidable electrostatic cross talk be-

tween the U voltage and the electrometer island, which
was only partially corrected for in our setup, the gain of
the electrometer depends on the U voltage. This leads to
the noticeable step height variations as U departs from

zero. Nevertheless, these vertical scale distortions do not
aAect the conclusions we draw from our data, which are
based only on the length of the steps along the horizontal
axis. The scaling factor used for this axis corresponds to
C, =21 ~0.5 aF, in good agreement with our numerical
estimates. When the temperature was increased the steps
became gradually rounded (data not shown). From a fit
of the temperature dependence of the data in the normal
state using Eq. (I ) we obtained a direct measurement of
C~=0.20~0.05 fF, also in good agreement with our nu-
merical estimates.
%'e have measured the odd-even step length ratio p as

a function of temperature, thereby obtaining D(T)/E, .
The experimental results are shown in Fig. 5 together
with the theoretical predictions in the case of a continu-
ous BCS density of states (dashed line). Since N~ is
known from the sample dimensions, the only adjustable
parameters are Cq' =0.19 fF and d, "'/e =195 pV. The
parameter C~' is in the error range of C~ while the uncer-
tainty range for h. "' is adjacent to the error range of 6 de-
duced from the electrometer 1(V). Apart from this
minor discrepancy which may be due to the fact that the
island, contrary to the S leads of the electrometer, is not
covered by a normal layer, there is good agreement be-
tween theory and experiment for temperatures higher
than 50 mK. At lower temperatures, the data deviate
significantly from theory, in a manner which could be ex-
plained by a failure of the box to follow the temperature
of the thermometer. However, we find this explanation
unlikely. In a previous run on a NN box with parameters
adapted to calibration purposes, the staircase sharpness
precisely followed the temperature down to 35 mK, A
more likely explanation is that the density of states of the
island may not be a strictly smooth BCS one. To illus-
trate this point, we show in Fig. 5 a complete fit of the
data (full line) using a minimal model: In addition to the
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A single electron box 

With a superconducting island, extra energy ∆ 
for odd number of e-. 

1.4 The SET and 
the turnstile 

The Single Electron Transistor (SET) 

Consider the configuration with two tunnel junctions: 
 
 
 
 
 
 
 
The electro-static energy is identical to the box case, Q = - ne: 
 

       where CΣ = 2C + Cg 
 
 
The current through the turnstile depends on the gate voltage: 
Single Electron Transistor = SET 
and also on temperature. 
 

C C 

Cg V/2 -V/2 

Vg 

a b 

Ec n( ) =
−ne−Qg( )

2

2CΣ

The Single Electron Transistor (SET) 

Consider the configuration with two tunnel junctions: 
 
 
 
 
 
 
Energy changes when one electron tunnels from left to central island: n-1->n, 
work done by the source eV/2 taken into account: 
 
 

Similar expression for tunneling from center to right: n->n-1.  
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  if 

∆Ea,b = 0 define lines in a CgVg/e ; CΣV/e plane: Coulomb diamonds limits. 
A given tunneling process changes direction when one crosses the related line. 
 
 
 
 
 
 
 
 

The stability diagram 
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The stability diagram 

n=1 n=0 n=-1 

CΣV/e 

C C 

Cg V/2 -V/2 

Vg 
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1 2 -1 -2 

n=-2 n=2 

1 

-1 

Degeneracy points between diamonds 

CgVg/e 

n=-1 or 0 n=-1 or -2 

n=-1, 0 or 1 

n=1 or 2 n=0 or 1 

Different zones: 

well-defined charge state in central diamond: no current. 

bistable state in next line: current appears. 

Coulomb diamonds 

A SET or turnstile can be formed through a nano-particle bridging a gap 
formed by electro-migration. 
Differential conductance plotted in a V ; Vg plane. 
 
 
 
 
 
 
 
 
 
 
 
 
K. I. Bolotin, D. C. Ralph et al, Appl. Phys. Lett. 84, 3154 (2004).  

+ some shifts 
due to charge 
instabilities 

Coulomb diamonds 

A MOS-FET transistor of nanometric scale, 
A quantum dot defined by the gate between  
source and drain. 
 
 
 
 
 
 
 
 
 
 
 
 
 
M. Hofheinz, X. Jehl, M. Sanquer, G. Molas, M. Vinet, and S. Deleonibus, Phys. Rev. B 75, 
235301 ︎(2007).︎ 
  

C!=Cs+Cd+Cg!. Cs and Cd can be determined by studying
nonlinear transport through the device. Adding a dc bias to
the small ac signal used to probe the source-drain current and
plotting this current versus gate and bias voltages result in
characteristic diamond-shaped patterns. When the source is
grounded and bias is applied to the drain, the positive slope
of the diamonds is 1+Cs /Cg and the negative slope is
−Cd /Cg "see Fig. 2!. In the literature, however, this scheme
has not been used for capacitance spectroscopy over a large
range of electron numbers. Our quantum dot design is ideal
for that goal because it has negligible stray capacitances "see
inset of Fig. 3!, which would dominate the capacitance of the
source and drain barriers. Unlike other experiments where
stray capacitances can be ten times larger than the capaci-
tances under investigation, here they are at least ten times
smaller. For instance, stray capacitances are large in quantum
dots formed by depletion gates or for nanotubes or nanowires
attached to large metallic pads. Our situation is more similar
to vertical quantum dots,11 where the dot-lead capacitance is
dominated by the epitaxially grown tunnel barriers. In our
samples, the direct capacitance between dot and ground, in
particular, is very reduced "roughly 1 order of magnitude
below most GaAs quantum dots! because of the thick buried

oxide of the SOI technology combined with small sizes. Un-
like when barriers are defined by split gates, here the direct
capacitance between the dot and leads is not screened by the
large direct capacitive coupling to the gates.8

As our devices are cooled down below approximately
20 K, the smooth transistorlike characteristics are replaced
by periodic and reproducible oscillations #Fig. 1"b!$. The pe-
riod is set only by the geometry of the overlap between the
nanowire and the gate.9,12 Fluctuations around the mean pe-
riod are very small, of the order of the mean energy-level
spacing "1. "1 and the quantum correction to the capacitance
are small "except for the first electrons!.13,14 Coulomb dia-
monds measured at 400 mK are shown in Fig. 2. Such time-
consuming recording is possible and relevant only in devices
with very high immunity to environmental charge noise. Al-
though Coulomb diamonds have already been analyzed thor-
oughly, typically for the first tens of electrons,11,15 to our
knowledge, clear Coulomb blockade diamonds have not yet
been shown over a range of more than N=200 electrons.

The gate, source, and drain capacitances extracted from
our data are shown in Fig. 3. The fact that Cg "obtained from
the peak spacing! does not change with gate voltage is not
surprising, since the size of the dot is set by lithography.
However, this unique property is crucial for interpreting the
general behavior of Fig. 2. As expected, the charging energy
"height of the diamonds! decreases as N increases. In most
experiments, Cg varies but the slopes are roughly the same
from one diamond to the other.11,15 Our data exhibit a differ-
ent behavior: the slopes of the diamonds vary significantly
with Vg, whereas the peak spacing "Cg! remains constant
#Fig. 1"d!$. This necessarily implies a variation of Cs and Cd.
As shown in Fig. 3, we observe a net increase of Cs and Cd
by a factor of 30. Both the initial value at Vg%0 and the
enhancement with Vg can be understood by taking into ac-
count the microscopic properties of our tunnel barriers.

Our measurement probes the two capacitors between the
channel of the transistor and the highly doped, metalliclike,
source and drain. The dielectrics are short sections of low-
doped silicon, below the spacers. In undoped Si, the dielec-
tric constant #Si and the associated geometric capacitance are
set by the band gap.16 In doped silicon, there is a finite den-
sity of localized states at the Fermi level, whose polarizabil-
ity # can be large "%10−35 F m2 for dilute As donors17! and is
known to diverge as the Fermi energy approaches the mobil-
ity edge from the bottom.18,19 Indeed, Imry et al.19 suggested
that

FIG. 2. "Color online! Left and upper right: Coulomb blockade spectroscopy in a W=60 nm, Lg=30 nm gated nanowire, with the same
Vg and Vd scales but different "nonlinear! color scales. Lower right: close-up on a few diamonds showing the fits "lines! allowing one to
extract the source and drain capacitances, once the gate capacitance is known.

FIG. 3. "Color online! Gate "!!, source "!!, and drain ""!
capacitances extracted from the Coulomb blockade diamonds
shown in Fig. 2. The gate capacitance is constant because the size
of the dot is fixed. The right scale indicates the dielectric constant in
the source and drain capacitors. The inset illustrates the main con-
tributions to the capacitances: The border effects in the source-dot
capacitor "dotted horizontal electric field lines! can be neglected
despite its long aspect ratio because #barrier$#SiO2

,#Si3N4
. This fact

is confirmed by the good agreement between #barrier and #Si at Vg
=0 V, where the contribution of the donors to the dielectric con-
stant is weak.
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We study the capacitance of tunnel barriers in well-controlled, very small, silicon single-electron transistors.
We observe a decrease of the charging energy of the Coulomb island as the quantum dot is filled from a few
to more than 200 electrons. Since the gate capacitance in our devices is, in average, constant all over this
electron-density range, we can attribute the observed variation to the source and drain capacitances, made of a
doped semiconductor. The capacitance data can be translated into a variation of the electronic polarizability
and localization length, in excellent agreement with an independent and simultaneous estimation based on the
conductance.
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Capacitance spectroscopy of single-electron tunneling
!SET" events has been used from the very beginning of the
studies on semiconducting quantum dots, either to probe
their discrete energy spectrum1 or the linewidth of Coulomb
blockade peaks.2–4 Although this primary goal is still very
active,5 recent measurements of the RC relaxation time in the
frequency domain showed the importance of combined mea-
surements of conductance and capacitance.6,7 Most capaci-
tance spectroscopy experiments concentrate on the filling ca-
pacitance of quantum dots, which arises from a finite mean
energy-level spacing.6,8 However, this quantum correction al-
ways comes in addition to a geometrical capacitance, which
arises from the electrostatic coupling to the sourrounding
electrodes. In this work, we concentrate on these coupling
capacitances which are a property not of the quantum dot but
of its surrounding dielectrics. We investigate the relationship
between static coupling capacitances and tunnel conduc-
tances. Coulomb blockade offers a unique way to measure
simultaneously the capacitance and conductance of a tunnel
dielectrics. Here, we measure both quantities over a very
large range of carrier concentrations in dots, whose surface
area remains fixed. We prove that the size does not change
by observing a constant gate capacitance. Both capacitance
and conductance increase with the carrier’s energy, and we
give a quantitative model for both quantities over a large
range of energy. At high density, cotunneling effects remain
weak, which allows a simple interpretation of the data. The
analysis of the capacitances of the tunnel barriers is also
simplified because our devices have negligible stray capaci-
tances and feature extremely stable electrical characteristics.
These properties are specific to our samples which feature a
single top gate, a size fixed by lithography, and, being made
of silicon, a relatively high density of states. Their design is
derived from silicon-on-insulator !SOI" ultrasmall metal-
oxide-semiconductor field-effect transistors, adapted in terms
of doping to become controlled SET transistors at low
temperature.9 The source and drain are highly doped, while
the region below the gate and spacers is lightly doped10 !As,
5"1023 m−3". The quantum dot appears at the overlap be-
tween the etched silicon nanowire and the short polysilicon
gate, isolated with SiO2 #Fig. 1!a"$. The surface area of the
dot is thus fixed by lithography and can be as small as

3000 nm2. Our SET transistor can be modeled as a three-
capacitor network: the capacitances !called hereafter source
and drain capacitances, Cs and Cd" arising from the two SET
barriers and the gate capacitance Cg controlling the electro-
static potential on the island. As explained hereafter, the stray
capacitances are negligible in our device. Measuring the
Coulomb oscillations #Fig. 1!b"$ allows one to determine the
three capacitances #Fig. 1!c"$. Cg is simply set by the spacing
in gate voltage #Vg between subsequent peaks, through the
relation Cg= e

#Vg
!1+

C$#1

e2 "%e /#Vg !e is the electron charge,
#1 the mean one-particle level spacing, and #1%e2 /C$, with

FIG. 1. !Color online" !a" Transmission electron micrograph of a
transistor along the source-drain axis. The nanowire is the dark line
running below the gate !g" and spacers. In the parts of the wire
beyond the spacers and, at positive gate voltage, below the gate, the
electron concentration is high enough for the wire to become me-
tallic. These parts form the source !s", dot, and drain !d". !b"
Equivalent electrostatic circuit of our samples with the gate capaci-
tance Cg, and the tunnel barriers !boxes" between the Coulomb
island !central node" and the source !s" and drain !g". These barriers
have tunnel conductances !Gs and Gd", but also capacitances !Cs
and Cd". The displacement charge is spread over the three internal
capacitor plates. !c" Drain-source conductance G versus gate volt-
age Vg at 400 mK !bottom curve" and 4.2 K !top curve". !d" Two
ways how Coulomb diamonds can fluctuate. Left: variable peak
spacing #Vg and constant slopes, i.e., constant coupling capaci-
tances and fluctuating filling capacitance e2 /#1. Right: constant
peak spacing and variable slopes, i.e., fluctuating Cs and Cd, con-
stant Cg, and negligible #1 !see text".

PHYSICAL REVIEW B 75, 235301 !2007"
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The stability diagram 
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n=-1, 0 or 1 

n=1 or 2 n=0 or 1 

The same configuration with a rf bias at the gate. 
 
Fast gate cycling through bistable region shuttles electrons through the device.  
 
 
 
 
 
 
 
 

The turnstile as a current source 

Practical example of a turnstile: a  
I-V shows Coulonb blockade. 
 
Limited accuracy: current not limited 
when crossing degenary point. 
 
L. J. Geerligs et al, PRL 64, 2691 (1994). 
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FIG. 2. Current-voltage characteristics without ac gate volt-
age (dotted curve) and with applied ac gate voltage at frequen-
cies f from 4 to 20 MHz in 4-MHz steps (a-e). Current pla-
teaus are seen at I ef. Inset: Current vs dc-gate-voltage
characteristics for f 5 MHz. The curves tend to be confined
between levels at I nef and (n+1)ef, with n an integer. The
bias voltage was fixed at 0.15 mV. For the bottom curve,
which is nearly flat, the ac-gate-voltage amplitude is 0. For the
other curves the calculated ac amplitude at the sample in-
creases from 0.60e/C for the lowest one to 3.4e/C for the upper
one, where e/C 0.30 mV.

FIG. 3. Current-voltage characteristics at f 5 MHz for
different levels of applied ac gate voltage. The dotted horizon-
tal lines are at intervals ef 0.80 pA. The I-V curves have all
been offset in the x direction by 15 pV to compensate for
operational-amplifier voltage offset in the current measuring
circuit and, individually, in the y direction to display them
more clearly. From top to bottom the calculated ac voltage
amplitudes at the sample are 0, 0.60, 0.95, 1.50, and 1.89, ex-
pressed in units of e/C 0.30 mV. On the right, the corre-
sponding simulated I-V curves are shown as dashed lines. For
these calculations, 1 dB extra ac attenuation was assumed, and
temperatures of 50 mK (upper three curves) and 75 mK (lower
two) were used.

the ac amplitude, although the width is. For high ampli-
tudes, we have observed a tendency to form plateaus at
I 2ef. Another sample with n 3 junctions in each arm
showed the same behavior, although with somewhat
rounded plateaus. We attribute this rounding to the
larger capacitances (about 2 fF) of the junctions in this
device.
A gate-voltage adjustment was necessary to obtain

wide plateaus. A suitable procedure was to maximize
the Coulomb gap without ac voltage, using the auxiliary
gate voltages. Next, the current versus dc gate voltage
would be recorded at fixed bias voltage, with ac gate
voltage applied. This shows an oscillating behavior with
minima and maxima at I ef, I 2ef, or even higher
multiples, depending on the ac amplitude. An example
is shown in the inset of Fig. 2. The I-V curves of Fig. 2
were obtained with dc gate voltage in the middle of a I-
Vg plateau at I ef, corresponding to half the elementa-
ry charge induced on the gate capacitor. When misad-
justing both auxiliary gates on purpose, we could still ob-
tain plateaus in the I-V curve, but not as wide as in Fig.
2.
The dependence of the I-V curves on ac amplitude, as

shown in Fig. 3, is very well simulated by numerical cal-
culations based on Eqs. (1) and (2). Results are shown
in the same figure as dashed curves on the right of the
measurements. No fitting parameters were used. The
only adjustments made were assuming 1-dB attenuation
in the ac voltage line to be present, in addition to the
known attenuators, and introducing a higher tempera-

TABLE I. Comparison of the measured current plateau I,
with the relation I, ef. cr is the standard deviation of I,.

(MHz)

4.012
6.011
8.031
10.040
12.029
14.028
16.026
18.063
20.011
30.036

I,
(fA)

635
967
1287
1610
1930
2243
2560
2890
3196
4856

(fA)

8—4
0—1—3
5
7
4
10—44

ture (50-75 mK) than the thermometer indicated during
the experiments (10-20 mK) to roughly account for
remaining noise or heating of the sample.
In Table I we compare the current step height I„ob-

tained by taking half the measured current distance be-
tween the positive and the negative plateaus, with the
prediction I, ef. Up to 10 MHz, regions could be
found (around 0.15 meV) where the plateau was flat
within the current noise. In those cases about fifty points
were taken in the central parts of these regions to deter-
mine the average current with its standard deviation a
Above 10 MHz, the current level at the inflection point
was taken in a similar way. The measured current step
coincides with ef within experimental accuracy, which is

2693

The turnstile as a current source 

Practical example of a SINIS turnstile: a  
I-V shows Coulonb blockade. 
Gate dependence of the current. 
 
J. P. Pekola et al, Nature Phys. 4, 120 (2008). 
 
 
 
 
 
 
 
 
 

The turnstile as a current source 

Practical example of a SINIS turnstile: a 
rf signal applied to the gate. 
 
Plateaus at I = n.ef: 
possible current standard. 
 
Depending on the mean gate bias value, 
plateaus of different width behavior. 
 
 
 
 
 
 
 
 
 



The turnstile as a current source 

Practical example of a SINIS turnstile: a 
rf signal applied to the gate. 
I = ef 
Bias sign changes: current changes sign 
 
 
 
 
 
 
 
 
 

I = ef 

1.5 Pumping electrons 

The electron pump 

Three junctions. 
 
Stability diagram: numbers inside 
each cell of the honeycomb give the 
charge configuration that has the 
minimum energy.  
 
Transition rate to a new configuration 
is given by usual rate equation. 
  
Creating a circular cycle with gate 
voltages allows one too move one 
charge with each cycle.  
 

A 7-junction pump 

Co-tunneling through two junctions at a time 
dominates errors in a usual current pump. 
Error down to 15 ppb with 7-junction pump. 
 
M. W. Keller et al, APL 69, 1804 (1996). 



Chapter 2: 
Josephson junctions 

2.1 Fundamentals on Josephson 
devices 

The superconducting condensate 

Cooper pairs are condensed in a single macroscopic quantum state: 
 
 
 
The wavefunction amplitude describes the Cooper density. 
The phase is related to the superconducting current: 
 
 
It gives rise to flux quantization (vortices) and interference effects. 
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The Josephson effect 

Consider a weak link between two superconductors: 
tunnel junction, constriction, normal metal bridge, molecule … 
A supercurrent Is can flow: 
 
 
which is directly to the difference between the superconducting phases. 
 
If voltage is non-zero: 
 
 
 
Two Josephson relations (1960). 
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dϕ
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Is = Ic sin ϕ1−ϕ2( )



The critical current 

depends on physics at the micro/nanoscopic scale. 
In a tunnel junction, Ambegaokar-Baratoff relation: 
 
 
 
In a short weak link (constriction made of the same superconductor): 
 
 
 
In a long normal metal of length L and diffusion coefficient D, at T = 0: 
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RnIc ≈ Δ e

which is the Thouless energy 

The Josephson energy 

Work given by the generator during a time ∆t to obtain the current: 
 
 
 
This is also the potential energy of the junction: 
 
 
We have defined the Josephson energy: 
 
 
If thermal smearing kT is above EJ, then the phase value is not well defined 
and the JJ does not operate properly. This gives : 
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Ic >> 0.04 µA /K

At non-zero voltage: the R(C)SJ model 

Resistively and Capacitively Shunted Junction: 

and: 

Combining the two gives: 

with       (quality factor) 
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The R(C)SJ model 

Equation of evolution: 
 
equivalent to eq. of motion for a massive particule in a tilted wash-board 
potential: 
 
 
 
 
Position = ϕ 
Mass = C 
Velocity = voltage 
Potential period = 2π 
Potential slope = bias current 
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The R(C)SJ model 

Q > 1 (large C, tunnel junctions): full RCSJ model. 
Underdamped regime: 
after escape, kinetic energy is conserved, hysteretic I(V). 
In the sub-gap regime eV < 2∆ of a tunnel junction, the shunt resistance is 
exponentially increased: 
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Retrapping current (1) 

If Q>>1, one neglects damping in the evolution eq.: 
 
Let’s calculate the energy: 
 
 
 
 

We can thus write: 
 
Dissipated power 
in one cycle is: 
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Retrapping current (2) 

Using the expression of the phase time derivative: 
 
 
 
 
Just before retrapping 
 
This occurs (first) at ϕ = π, then E = 2 EJ 

Over a cycle dissipated power = energy gain, i.e. Wdiss = ∆EJ. 
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The R(C)SJ model 

Q < 1 (small C, lateral junctions): RSJ model. 
Overdamped regime: zero mass, 
non-hysteretic I(V) predicted. 
 
Predicted I-V characteristics at T = 0 
 
 
Smeared with temperature. 
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The voltage is not stationary, but oscillates at high frequency. If T is the period 
of oscillation of the phase: 

 

We neglect the capacitance term: 

We can write: 

 
integrate it: 

and use the expression of <V> to obtain: 

IV in the RSJ model 
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IV in the RSJ model 

Integral tables give: 
 
 
 
 
By taking distinct values of the arctan for the same argument, the integral is π: 
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Time dependence in the RSJ model 

We integrate over time from 0 to t: 
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Time dependence in the RSJ model 

We differentiate / time: 

 

which gives: 
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The RSJ model 

The phase oscillates in time non-sinusoidally at low voltage. 
At small (non-zero) V, part of the current is a supercurrent. 
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V t( ) =RN
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I+ Ic cosωJt

time 

V(t) 2.2 Practical Josephson junctions 

Tunnel junctions … 

Al oxide preferred: reliable, reproducible, despite amorphous nature. 
Complex devices can be build. 

12 µm 

16
 µ

m
 

jonctions 
20 µm2 

antenne RF 

inductance 

… normal metals … 

Routinely observed when critical current is large. 
Possibly thermal origin, 
hypothesis of an intrinsic effect (effective capacitance). 

L. Angers et al, PRB 77, 165408 (2008). 



… nanowires, … 
From Nb nanowires templated by a CNT to InAs semiconducting nanowires … 

A. Rogachev et al, Phys. Rev. Lett 94, 017004 (2005). 
Y. J. Doh et al, Science 309, 272 (2005). 

… carbon-based devices, … 
From carbon nanotubes to graphene … 

J.P. Cleuziou et al, PRL 99, 
117001 (2007); 
H.B. Heersche et al, 
Nature 446, 56 (2007). 

2.3 SQUIDs 

Superconducting Quantum Interference 
Device (SQUID) 

φ SQUID = two Josephson junctions in parallel. 

Let’s integrate       along the loop. 

Pair density constant, current density neglected: 

 

The phase jump at the two junctions differs by 2eB.S/   = 2πΦ/Φ0  
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Superconducting Quantum Interference 
Device (SQUID) 

φ 
The two supercurrents add coherently. 
Flux though the loop adds a potential vector term 2πΦ/Φ0 

If loop self-inductance can be neglected: 
 
 

 
 
where Φ0 = h/2e = 2.05 10-15 T.m2 = 2.05 mT.µm2 

is the superconducting flux quantum. 
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Superconducting Quantum Interference 
Device (SQUID) 
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Critical current is modulated by 
the magnetic flux through the loop. 
Even if there is no flux through the  
two wires. 
Analogous to Young’s slit experiment  
in optics. 
 
S. Mandal et al, ACS Nano 5, 7144 (2011). 
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Example of SQUID application 

Critical current measurements = access to 
the flux through the loop. 
High sensitivity. 
 
Magneto-encelography: array of SQUIDs. 
Magnetic field signals of about 10-15 T. 
Extreme field shielding necessary. 

2.3 Shapiro steps 



The Josephson frequency 

Consider a Josephson junction biased at a fixed voltage: 
 
 
 
Then the phase evolves with time: 
 
 
 
which leads to a time-dependent current 
 
 
 
at the Josephson frequency: 
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Shapiro steps 
Apply a rf signal to a Josephson junction: 
 
The response is: 
 
The current can be written as: 
 
 
 
jn is the Bessel function of order n, and 
 
The sine components average to zero, except for: 
 
The n term     can take any value below: 
 

   in absolute value.    

    

€ 

V = V0 + v cos ω0t +ϕ( )

      

€ 

 Θ t( ) =
2e


V0 t +
2e
ω0

v sin ω0t +  ϕ[ ] +Θ 0( )

        

€ 

I = Ic −1( )n jn
n=0

n=∞

∑ 2e
ω0

v
& 

' 
( 

) 

* 
+  sin 2e


V0 ±  nω0

& 

' 
( 

) 

* 
+ t +δn

- 

. 
/ 

0 

1 
2 

  

€ 

δn = ±  nϕ +  Θ 0( )

    

€ 

V0 = Vn = n ω0
2e

  n integer( )

        

€ 

In = Ic jn
2e
ω0

v
# 

$ 
% 

& 

' 
(  sinδn

        

€ 

Ic jn
2e
ω0

v
# 

$ 
% 

& 

' 
( 

Shapiro steps 

Steps in the I-V characteristics at well-defined voltages. 
Widths of the steps follow the Bessel functions: non-monotonous evolution. 

Y. J. Doh et al, Science 309, 272 (2005). 

The Volt standard 

The Josephson effect relates a voltage and a time. 
Combined with Cesium 133 atomic clock reference, 
It provides a standard for the Volt, with the exact constant value: 
KJ-90 = 2e/h = 483 597.9 GHz/V  

One-volt  voltage standard 
based on an array of 3020 JJ. 
Microwave field fed into the fin 
guide structure on the left 
generates a voltage across the 
4 chains of JJ on the right. 
Source: NIST. 



Chapter 3: 
Superconducting quantum bits 3.1 Charge-phase uncertainty relation 

At non-zero voltage: the RCSJ model 

Energy in the system (resistance neglected): 

To be compared with  

 
Heisenberg uncertainty relation 
can be translated into 
 
Unit is charge, e is the only charge quanta. 

E = Q
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Δp.Δq ≈ 
  

€ 

ΔQ.Δϕ ≈ e

Different regimes 

Two “classical“ regimes plus a quantum one: 
 
- Phase well defined, charge not well defined: usual Josephson effect. 
 
- Charge well-defined, phase not defined: Coulomb blockade, single 
electron physics. 
 
- Intermediate quantum regime, where Heisenberg relation operates fully. 
 
 
Quantum bits can be implemented in various cases. 
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3.2 MQT 

A quantum anharmonic oscillator 
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H = EJ cos(ϕ)− Ibϕ
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I0, C0 
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U(ϕ)

ϕ

ωp (Ib) 

ΔU (Ib) 

A fictitious particle trapped in a local potential minima.  
 
 
Natural frequency: 
 
 
Discrete energy levels with distinct energy levels 
spacing. 
 

ωp = 2π
EJ
φ0
2C

A quantum anharmonic oscillator 
Ib 

I0, C0 
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U(ϕ)
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ωp (Ib) 

ΔU (Ib) 

MQT 

Escape is both through thermal activation by reaching 
a unconfined state: 
 
 
 
and by Macroscopic Quantum Tunneling (MQT).  
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ΔU=0 

Escape detected as the switch from 
zero voltage to the gap. 
 
Stochastic process: a statistical 
analysis is needed. 
 
 
 
 
 
 
 
 
 
 
 
O. Buisson et al, Néel Institute  



Macroscopic quantum tunneling 

Escape rate described through an 
escape temperature Tsc: 
 
 
 
 
Crossover between TA and MQT at: 
 
 
 
 
 
J. M. Martinis et al, Phys. Rev. B 35, 4682 (1987). 
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, 3.3 A SQUID as a phase qubit 

A SQUID as a phase qubit 

U(ϕ)

ϕ

ωp (Ib,Φb) 

ΔU (Ib,Φb) 

The two levels 0 and 1 can be the basis for a qubit. 
 
With a SQUID geometry, the barrier width and 
height are controlled by the flux. 
 
The escape measurement rate gives the state 
occupancy. 

Φb 

Ib 

I0, C0 I0, C0 

ϕ

Rabi oscillations (I) 
Two-level system submitted to rf: 
 
 
 
 
 
Ansatz for the state 
 
Inserted into time-dependent Shrödinger eq. 
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Rotating Wave 
Approximation: 
terms oscillating at 
ω + ω01 neglected. 
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Rabi oscillations (II) 

Solutions of the type: 
 
 
 
 
General solution: 
System initially in the ground state: C0 = 1; C1 = 0. 
 
 
 
 
 
 
Probability to find the system in the excited state: 
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Rabi oscillations (III) 

A rf signal at hω≈hω01 is sent to the qubit (at ground state 0) for a duration t. 
The qubit arrives at the excited state 1 with a probability: 
  
 
 
 
 
Rabi oscillations: 
proof of quantum-coherent behavior 
 
 
 
 
If no detuning:  
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Figure 1: Rabi oscillations. Probability of finding a (two level) atom, subject
to ”classical” harmonic radiation, in the excited state |ei as a function of time
t. The transition dipole moment he|d̂ · E

0

|gi/2⇡h̄ was chosen to be 250 MHz.
The detuning between the harmonic radiation frequency and the atom transition
frequency �/2⇡ = (! � !

0

)/2⇡ is varied between 0 MHz and 750 MHz.
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terms e±i(!�!0)t and the fast terms e±i(!+!0)t. Since the time-evolution induced
by the applied field is much slower than !

0

, we can neglect the quickly rotating
terms, an approximation named the Rotating Wave Approximation (RWA),
leaving

Ċ
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Rabi oscillations in a dc-SQUID 

Decay of oscillation amplitude related to decoherence. 
At large microwave power, higher energy levels are involved. 
 
 
 
 
 
 
 
 
 
 
 
 
J. Claudon et al, Phys. Rev. Lett. 93, 187003 (2004), Institut Néel. 

(MW) flux pulses characterized by their frequency !,
amplitude !MW, and duration "T. Starting with
j#!0"i # j0i, the state evolves with the MW pulse
of duration "T into a coherent superposition
j#!"T"i # a0j0i$ a1j1i$ . . .$ anjni$ . . . .

Our procedure to perform quantum experiments con-
sists of four successive steps as depicted in Fig. 1(b). A
bias current Ib is switched on through the SQUID at fixed
magnetic flux !dc to prepare the circuit at the working
point in the initial state j0i. The application of a MW flux
pulse produces the superposition j#!"T"i. Then, a flux
pulse of nanosecond duration is applied, which brings the
system to the measuring point such that the state j#!"T"i
is projected onto either the zero or the finite voltage state
of the SQUID [Fig. 1c]. The result of this quantum mea-
surement can be readout by monitoring the voltage Vout
across the dc SQUID. Finally, Ib is switched off such that
the circuit is reset and the experiment can be repeated to
obtain state occupancy.

The aforementioned quantum measurement procedure
was discussed theoretically by us in Ref. [16]. Different
from previous experiments that used current bias pulses
[2,4] or MW pulses [3], we implemented a quantum
measurement using a large-amplitude flux pulse with
nanosecond duration. This flux pulse reduces the
SQUID critical current to a value very close to the bias
current such that "U% $h!p. Ideally, the pulse with opti-
mal amplitude projects the excited states with n > 0 onto
the voltage state (Vout is twice the superconducting gap);
the ground state j0i is projected onto the zero-voltage
state. As the SQUID is hysteretic, the zero and finite
voltage states are stable. The efficiency of this one-shot
measurement is estimated to be 96% [16]. In the experi-
ment, we use a pulse of 2:5 ns duration whose 1:5 ns rise
and fall times are long enough to guarantee adiabaticity:
transitions between j0i and excited states are estimated to
occur with a probability less than 1% for a typical pulse
amplitude of 0:06!0. The measurement pulse can be
applied with a variable delay after the end of the MW
pulse. In the measurement procedure, this delay is kept as
short as 1:5 ns to limit relaxation processes. The result of
the quantum measurement is obtained by measuring the
escape probability Pesc, repeating the experiment up to
about 4000 times.

The measured dc SQUID consists of two aluminum
Josephson junctions with I0 # 3:028 "A and C0 #
0:76 pF, coupled by an inductance Ls # 98 pH [see
Fig. 1(d)]. The quantum circuit is decoupled from the
external classical circuit by long on-chip superconducting
thin wires of large total inductance, Le # 15 nH, and a
parallel capacitor, Ce # 150 pF. The quantum circuit and
the long superconducting wires are realized by E-beam
lithography and shadow evaporation. The nominal room
temperature microwave signal is guided by 50 % coax
lines and attenuated twice by 20 dB (at 1.5 K and 30 mK,
respectively) before reaching the SQUID through a mu-
tual inductance Ms # 0:7 pH. The MW line is terminated
by an inductance estimated to be LMW # 1 nH. Special
care was taken to avoid spurious environmental micro-
wave resonances. The chip is mounted in a shielded
copper cavity, cooled down to about 30 mK, whose cutoff
frequency is above 20 GHz. Moreover, the thin film
capacitor, Ce, close to the chip decouples the microwave
signal from the low-frequency bias lines.

The escape probability is first obtained by measure-
ments using long (duration "t # 50 "s) pulses of the bias
current Ib. From the dependence of the escape current
(defined as the current at which Pesc # 1=2) on !dc, the
experimental parameters of the SQUID are extracted [11].
At the maximum value of Ic obtained for !dc=!0 #
&0:085, the measured escape rate can be fit by the well-
known macroscopic quantum tunneling (MQT) formula
[11,13] , yielding the same SQUID parameters within a
2% error. This result confirms that the circuit remains in
the ground state when only Ib pulses are applied. For other

FIG. 1. Quantum experiment and measurement procedure in
a dc SQUID. (a) Illustration of the fictitious particle trapped in
a deep anharmonic well at the working point. (b) Experimental
procedure, as explained in the text. (c) The well at the mea-
suring point: during the nanosecond flux pulse, the particle can
escape or remain in the well depending on its quantum state.
(d) The dc SQUID consists of two identical Josephson junc-
tions coupled by an inductance Ls. The quantum circuit is
decoupled from the environment, symbolized by Z!!", by a
large inductance Le and a capacitor Ce; it is coupled by a
mutual inductance Ms to the MW pulse or nanosecond pulse
through a 50 % coax line, terminated by an inductance LMW.
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values of !dc, the width of the escape probability is larger
than the MQT prediction by a factor up to 4 indicating a
residual low-frequency flux noise in our sample [4]. This
noise reduces the efficiency of our quantum measurement
since it smears the escape probability difference between
the ground state and the excited states. In the experiment
the nanopulse amplitude is adjusted in order that the
escape from j0i is close to 1%. For such a pulse amplitude
at !dc=!0 ! 0:095, we have estimated that the escape
probabilities of the excited states j1i, j2i, j3i and higher
states are about 30%, 60%, 90%, and 100%, respectively.
The sensitivity to flux noise is weakest at the ‘‘optimal’’
point !dc=!0 ! "0:085, however, the SQUID’s sensitiv-
ity to MWand measurement pulses is also weak such that
this point cannot be used for accurate measurements.

Spectroscopic measurements were performed by
sweeping the frequency of a MW flux pulse of 25 ns
duration in the low power limit. In the inset of Fig. 2
we show the corresponding resonance peak found for Pesc
versus microwave frequency !. The resonant frequency
!01 depends on Ib as shown in Fig. 2; this dependence can
be very well fit by the semiclassical formula for the cubic
potential [15]. The parameters extracted from this fit are
consistent within 2% error with the parameters extracted
from the critical current versus flux dependence or from
the MQT measurements at !dc=!0 ! "0:085. The large
width "!01 ! 180 MHz of the resonance peak is consis-
tent with the presence of a residual low-frequency flux
noise. Indeed, since the flux through the SQUID fluctu-
ates slowly, the expected resonant frequency changes
from one measurement to the other.

We also measured the lifetime of the first excited states,
analyzing the decay of the resonance height. Upon in-

creasing the delay time between the end of the MW pulse
and the nanosecond dc measurement pulse, the peak
height is found to decay with times ranging from 14 to
60 ns. The frequency broadening associated with these
lifetimes is estimated to be smaller than 10 MHz, i.e., not
only less than the width "!01 of the resonance peak but
also less than the detuning frequency associated with the
anharmonicity between adjacent levels.

By applying short MW pulses at the resonant frequency
! ! !01, we induce coherent quantum dynamics. Rabi-
like coherent oscillations were observed by measuring
escape probability versus MW pulse duration "T. In
Fig. 3(a) the escape probability oscillates at a frequency
#coh=2" of about 300 MHz. This frequency increases as
the MW flux power increases and ranges from about 100
to 1000 MHz in our experiment. It is always much smaller
than the resonance frequency !01. Oscillation amplitudes
as large as 70% were observed for the largest MW power.
The oscillations are damped with a characteristic attenu-
ation time of about 12 ns. Similar coherent oscillations
have been observed at different working points. The
dependence of #coh as a function of the MW amplitude
!MW is shown in Fig. 4. The linear dependence predicted
by Rabi theory for a two-level system [17] is not observed
in our measurements.

To analyze the observed coherent oscillations, we use
the following model. We ignore relaxation and decoher-
ence processes and consider the applied MW frequency to
be the resonant frequency !01. If we furthermore assume
the MW pulse to couple the eigenstate jni to its nearest-
neighbor levels only, the time-dependent part of the
Hamiltonian reads ##t$$h!pX̂% b!MW

!0
cos#2"!01t$&

$h!p
P

n

!!!!!!!!

n=2
p

'jnihn" 1j( jn" 1ihnj); where b* 34 at
the considered working point. As #coh=2" + !01, we
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FIG. 2. Resonant transition frequency !01 between states j0i
and j1i as function of the bias current at !dc=!0 ! 0:095. The
experimental dependence of !01 (symbols) on Ib is perfectly
described by the semiclassical model [15] (solid line).
Spectroscopy is performed by measuring the escape probabil-
ity Pesc versus applied frequency ! (points in inset) at micro-
wave power A ! "48 dBm where A is the nominal microwave
power at room temperature. The fit to a Gaussian (solid line)
defines the resonant frequency !01 ! 11:43 GHz and the width
"!01 ! 180 MHz.
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FIG. 3. (a) Measured escape probability versus MW pulse
duration at the working point, defined by !dc=!0 ! 0:095
and Ib ! 4:7 $A, with about 15 levels localized in the anhar-
monic well. (b) Predicted escape probability for a MW ampli-
tude !MW=!0 ! 0:002. (c) an coefficients of the state obtained
after 1:6 ns duration of the MW pulse corresponding to the first
maximum of the coherent oscillations.

VOLUME 93, NUMBER 18 P H Y S I C A L R E V I E W L E T T E R S week ending
29 OCTOBER 2004

187003-3 187003-3

3.4 Josephson charge qubits 



Josephson junction in the charge regime 

Considering the charge energy as a function gate voltage, the 
Josephson coupling opens gaps. 
 
 
A two-level system is thus defined. 
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a two-level system 
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Rabi oscillations 

The state after the rf pulse 
can be probed with a large 
JJ in parallel. 
 
Proves that the particle lies 
in a quantum superposition 
of two states. 
 
Decay of oscillation 
amplitude related to 
decoherence. 
 
 

D. Vion et al, Science 296, 886 (2002). 


