The 1D chain of atoms with s-p hybridization (a model Silicon): see Exercise 19
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3s and 3p bands in silicon as a function of interatomic distance.

In the exercise we vary the hoping energy t : decreasing the distance
means increasing the hoping integral !



The 1D chain of atoms with s-p hybridization (a model Silicon): see Exercise 19
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First guestion : chain of atom with one s-orbital per atom (exactly what was done in class)

Bloch theorem: (1) g (ZE -+ CL) = eikalbk (CC)
) Yr(x) = e uy(x) with wug(x) periodic

With only one type of s-type orbital per atom, the only possible Bloch state for a
given k-vector is :

N
Yr(x) = \/LN Z eikna¢gt (z — na)
n=1



For a given k-vector, the energy of this state is given by the Schrodinger equation

H|vw) = e |n)

that we project on <¢k ’ to obtain :

(| H|t) = ep(Wr|vn) = ex

that is :
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Second question : chain of atom with one p-orbital per atom

s- 01,\:/'72)5 t-- )/ o’d(y,';—q,s t::-a/

AZ.\ —%——@6——@6——
AVAVYAN: - RNANAWS

With only one type of p-type orbital per atom, the only possible Bloch state for a

given k-vector is : 1 N
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Overlap of s- and p-band begins at:
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Question 3 : Now we put the s and p orbitals all-together => there are 2 atomic orbitals
per atom (and per unit cell) => 2 possible basis Bloch state:

N
Ys(x) = \/LN Z eiknagbgt (x — na)
n=1
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Any Bloch state is a linear combination of these 2 basis Bloch states:

he(z) = avs(z) + By ()
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= (s|H|1s) = e4(k) = —eg — 2vcos(ka)  (first question)
= (Yp| H1by)

ep(k) = +e€o + 2ycos(ka)  (second question)
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sp coupling : no onsite energy and hoping change sign from right to left :
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solve:  (Hss —€)(Hpp — €) — ‘H8p|2 =0

(e —4(k))(e — (k) = 47 sin’(ka)

Trick: Equv — (63 + 5p)/2 and  Ae = Sp T s

v

(e —es)(e—€p) = (€ —€av + A€/2)(e — €qy - A€/2)
= (e — €40)? — (A€/2)?

£ = cqu + 1/ (Ae/2)? + 472 sin’ (ka)

Note : when sp coupling goes to zero, one recovers the original uncoupled s and p bands.



= (s|H|1s) = e4(k) = —eg — 2vcos(ka)  (first question)

<¢p’HWp> = ¢e,(k) = 4o + 2ycos(ka) (second question)
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No sp-coupling

With sp-coupling

Figure 1: Evolution of energy levels as a func-
tion of v in the case of (Left) no ts, coupling,
and (Right) with a ¢, = 7y coupling. For each
value of (7) we plot a few energy levels, that
is e(k) with 20 k-points equally spaced in the
Brillouin zone.

With 2 electrons per atom, the s-band is filled => insulating for 7Y < 50/2

For 7y > 80/2

* metallicin the case of no sp-coupling
* insulating in the case of sp-coupling
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Exercise 29 Localized vibrational modes around an impurity

We study the vibrational modes of a 1D chain of atoms. All springs have the same spring
constant C. All atoms have the same mass M except the central atom that has a mass m.
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a) In the case of a chain with all identical atoms with mass M and spring constants C, re-
derive the equation of motion for any atom with index (n), calling u, its displacement out
of its equilibrium position. Plot the phonon modes energy dispersion relation in the
Brillouin zone for the perfect chain (g = phonon momentum).
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b) In the presence of the impurity, we try vibrational modes that are localized around the
impurity of mass m, assuming displacements of the form: ¢, = A(_l)”e_o‘|”|€_i“’0t
where A is a constant and |n| the absolute value of the n-index.

- What is the equation of motion for an atom n with (n> 1) ?

- Show that the "localized" solution satisfies this equation of motion provided that:

1
Mw3:0(2+X+§) with X = e°

d?u.,,
dt?

Plug in localized mode (withO<n-1<n<n+l):

M
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band of energy of the phonon modes of the 1D chain without impurities.
Indication: cosh(x) always larger than cosh(0)=1.
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c) What is the equation of motion for the central impurity atom of mass m ? Using
this equation of motion, obtain a second equation relating w% , m, Cand X.
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Use U, = A(_l)ne_o‘|”|e_iw0t (warning absolute value for n=-1!1)
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Deduce that the energy of the localized vibrational mode is necessarily above the
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d) Using the two expressions for Wq derived in b) and c), calculate (M-m)/m as a function
of X and show that the above solution is possible (not diverging) only if (m < M).

1
Mw%=C(2+X+X) with X = ¢©

1
mw; = 20(1 + Y)
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Localized vibrations around defect

U, = A(_l)ne—a|n|e—iwot
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a>0 = X=e">1 = (M—m)>0



